




Week 1 lea 1
.

convention I
. In Sh ,

DY
, DYIgn I ga

def homotopic maps

let x ,
Y be spaces ,

fo
,
fi : XTY are homologic If E

F : xx 2+Y SA
.

F(x , 0) : fo(x)
,

F(x, 1) = f
, (x) /xEX

and F is a homotopy .

fA(x) = F(x, A)
, fA : XeY. fA is a path from to to fi in map(X, 4)

example of homotopic maps

1) In , One : "t" homotoxic via F(xA) = X(I-A)

2) S'tS'
,

Al : V-V
AlWIs via fAlz)=e[stz

Is'
:

V1V

lemmal homotoxy is an -

lemma 2 If fowflix Y the goof ~ grof , x+I.

gorg1 : Y +I

def 2x , Y] = maps (x, Y) /~

Prop SX , 2] has one elemet

let fix -R

f = lin of "Oprof = 0

defn contractible spores

A space X is contractible if 2x(p/ constant map thatport,
Prop Y is Contractible ET [x , Y] has celent

.
U space X

.

=> let fetx, 4] ·
the f = 1x of & cpof =

(p .

E 24, Y] has only one elect so w to
p .



def spaces X
, Y are hom equir If If: x+Y, g : 4 ex,

S
. f fog : 14 gofilx .

ex" -903 , contracible space ~40h, In 1903 ~gn-1

def pairs of spaces

↳ Pair of spaces : (X, A) , AcX
.

he
map of pairs : f : (X

, A) -[Y, B) cts map ,
f(A) < B

.

↳
maps of pairs fo,f : (X, A) M(Y , B) is homotogic if

fo
,
f: X-Y are homotopic rice

H : (xx1
,

Ax2) -(Y , B)

↳ f : (X, A) - (4, B)
=> Gof : (x , A) + (2, c)

9
:

(4, B) + (2. C)

def homotopy groups

If X is a space , peX , then the homotoy gray
Tn(x, p) = [C1"

, 612) , (X, P)]

= [(a
,
(H)

,
(x, p)]

=[Is
, x) , (X, 4)] .

prop . Properties of homotogy grows

note : To (X, P) : Spath empts of X)

i: (X, P) is a
grey .

Tn(x, P) is an abelion query .

When >I
.

Prop . An(X, P) , is a group .

① addition 4 , 4 : (2
, 657)- (x, 4)

y +↑ : z"
,
221)- (x, p)

- DO
map to ↑ map to f to ↓ to f .

② Identity map

e : (2"
, 624) + (x, P)

x & 4

[4+ e]

Fe
4



③ abelian-ness for >I
.

⑭ reg

④ y+ = yor where r: I" + In

[Ai-An) (1-A,
--- An]

(Y + y
-1) (S1, 52

,
-
- Si)

= 4(25, 52
,

--- Sn) Sit [0,2]
E
p(28r1 , Se

,
-.. (a) Sit [Yz , /]

= y (zes, Se,
--- sn) "live Undoing it

"

functorially (I , 624)
fo

ed ↳
Y

f: (x, 4)-[i, q) indues fa : Thix, p) Tun(Y, q) I

fx([y)) = [f04] x1p)-> (4 ,q)

(Chock) (fogix = fx0gx
f: (X,p)+ (Y, q) fa : An(X, P) -> Tin <Y

,q) q x of - (7)

g
: ( , q) + (2, c) qx : Tin1Y , 9) +xin(2, 1) = 9 , o[fo4]

= Igofr4]
E= (90f(x[43)

fog : <x, 4) -> (2, 2)

homotogy invaricul

If fo , fi : Xip) , <,q) , and forf
,
the for fix

as fox ([y]) = [f004] = [fod] = fixl[Y])

Y = (2 , 02n) - (X , p) > kn(X1 P).

week I lecture 2

I) singular homology .

Def the isimplex (h=9/t0 , A .... An) th ( Asso, Z
:

Ai = h
.

Def faces : If I <30 , 1 .. -n4
,

fz = 7 + (Ai= 0 1fi424

A
f1z= 3 + ,

Ar = 07

f12 folz : whole thingyAo ↳ &



def face maps 1f I =

7i0ii... Likh= 10...
- n4

E2 :
12-1

- feCD"

FeC = Y when xi=}0 :Cf1

Aji = zj

F12
:5'- fiz

Griti) re (Ao
,

As
, 0

Foz : 0'+ for

(Ao, A) + (Ao
,
0

,
A1)

Ez :0 fr( I is typically a ne dim submanifold in It

homeomorphism .

FI is a map
↓smaller

dim

of
bigger-dim

det chain complex

I be a commutative
my.

A chain x over a (C , d) is

1) & modules Ci
,
itI =⑦ Ci

it

2) -lineer maps di : Gt (i- d= di

E dic - C

S .
t

-

d[Ci) <Ci- 1

3) diodift : Citi + (i =

0 Fi .

def .

Ith homology group .

diodit=0 =7 im (dit) cKer (dil

the ith hom grey Hi(C) =

Kercdi)

drti) it's an -module.

Hx() =!. Hi

defi x ker(d) , X is closed/cycle
x - ,m2d) , x is exact/bandry .

If dx=0 ,
2x] be its image in H*(C)

.



det
.

The chain complex of the isimplex is (Sx(On), d)

Sila" is the free module generated by 1-dime faces .

Sk(0) = <f 1(121 = kH) Ska= 0 for K20
.

d(fz) = Zj (1)3 fanigt

Prof d = 0

enough to check &'Cfz)=0 since fe is a basis .

index himp ! Some back later .

Netc: Do face maps , just fixed 84. get K-dime faces
.

Example :

chain complex of G-simplex Staff2l/forfi
, firfe .

>

S-1(8) =
<7 ker(do)

↑ do Im(du)= P Ho=imti]
= -

Ker (10) = < fo
,
f , f2h

Sr()= <fo ,
fi

, fzz
↑ di

imide) = Zaif= 29i = 0 Hi =ert
Kercdel= <fort fro,

fiz

Si(82) = < for
,
for

, fi27 ker(dz)

Paz (m(d2) = <f1z-frz + fri> H2 - = O
(m(d3)

Ker(dz) = 0

S2(8) = < fo12>

def reduced chain complex of C

(5x(5" , d) If kF-1 /(4) = Sk(a)

S If k= 1 (5) = (fy> If (2) = 1
, dfz= fp . dfp= <4)

.

idea : Want Ho to be trual
.

S-1(8) = < fp> ↑ kew do= O

3 = How ! = 0

So (02) : 20
, f ,
fel ↑

im di= Zaifi , Zi=

S , LB2) = <for , fie,
felt

def singular chain complex

let X be a top space . The its singular chain complex is

(2x(X)
, d) C11x)= 30 : /K -- X , continuous Y is the free 2-module

generated by all 8: 0 + X ,

finie Es
.

def elements in CKIX) is write as Zai O aiz Ji : ex.

-

singular simplex : 2 -A



at diferatial of singular chain complex

suffices to defined on o sine 5 are generators.

k j
let 5 : 0 + X

, dIO)
= IGl) 5 ·FI Fig : -yK is the face map .

I = 10

4 dofo : food

the map 40 : Sx(W") - ((X)

f2 19 O OFI SKCE In Sk-King & Si 2(8)

satisfies dogr =

Good ↓Y ↓ ↓
cr(x) - <-IX)- (1-2(X)

Pax &= 0 in (K(X)

nate &= 400 Flo.... n So &O = &400590 .. n4= 400d Flo ... nh =
0

def
. Singmar homology on X

HilCx(X))

Proy · computing H4(304)

each (K: <OKT Wher OK : " -Yoh
4

d1OK) = GI Z 5, F rate OpFy is the map sendy
& to % . 4 so sit

j=0

=

O if n odd

I 5K- if a even

So Im (d) = < 01
, 53

, 05 ,
....

KerCd) = < 50
, 51 , 53 , 55

,
--- 3

Kereds/imeds = <50L => Li(k) =

(I i = 0

0. We

weekl lecture 3

def reduced singular chain (X

cincx) =

G
C1x) kt-1 dO : Op if OfCo(X) : X

35p> K = - 1 d5G= 0

makes Ker (do)= P So makes HolX) = 0 ·



pry : If X is path connected the Holx) = 2 = <Op7 Op : ="-p -X
.

Prof : Ho(X)=
do: Co(x) + ((X) but C-1(X) = 0 So Ker (do) = (0(X) :

maps <5:
- x)

↓ 1
: C, 2x) + Co(X) let 0: + x tC(X) the dO= ZOOFE (-138

so im (d) = span /dr)5: 2-xY

-span)5p-Op : Ip , pare path comelted 4
.

: Span 35p-Op'/p . p't xh .

Ho(X) = = **** = only one equivale pass of maps.

So &X .

def subcomplex

If (X, d) is a chain complex over he
,

a subcomplex of (C
,

d) is

1) Ar(Ci as submodules

2) d(Ai) < Ai-1

Drop . Properties of subcomplex

If (A, d) is a subconpux of <C , d) then

1) (A , d) is a chain complex.

2) ICA ,
d) is a chain complex

2/A= ⑦ Ci/A
i

↓ (A) < Ar- SO di descads : di : Cr/Ai* (it/Ait
def . quotient complex

XX, d) defined as above
, (CA , d) is the quotient complex .

Prop .

ACX => C* (A) is subcomplex of Co(X)

let 0: + A then do=Z: fl SoF with image in A.

def. Singular chain complex of a pain of spaces .

let (X
,A) be pair of space .

the singular chain 2x is

(x(X
, A) = (x(X)/(a(A)



Prop ,
direct sums of chain complexes are also aX

.

let (Co , do) be chain complexes . The so is ((0 , da)
H((r) = - H((d)

&

Prop . Homology group in terms of path compunts .

Hx(X) = G H(Xo) where Xo are path componets of X.

f . Let Ot (1x) / 5: 0
*
- X since o is connected ,

map(0" , x) = I map
10"

, x0)

(1(x) = 0 (x(X) => Ha(X) =G Hin(Xo)

Functoriality & Indeed maps

defn (category
a category is

1) a collection of objects .

2) for each pair of objects , A . B
, a set of morphisms f: A+B

with composition rule : f :AMB , g
: BrC

, gof :AtC
.

St
.

1) hosgof) = (hog) of
2) for each objects (A : A-A

, IB : BeB SA . f:AtB , f: folA

E objects =13 if

morphisms .

examples
:

Gamamps) Straps] (e)
defn functor

let E
,
Zz be categories, functor F : Gl - You assigns

1) At Obj (1) to F(A)t Obj (tz)

2) femor (41) to Morphism of to2 , f : AtB to FIf) : FCA) -FID)

SA
. 1) F(fog) = FIf) · Fig)
2) F((A) = 1 F(A)



def chain maps

let <C , d) ,
(2d) be chain CXs over R

,
chain maps fi(, d) +4,d)

is 1) B-linear maps fi : G +Ci f = fi s ficte , fixi) cit

di
2) d'f = fd [i -(i- 1 diofit fro de

fit ↓ fi-1
7

(i)
- (i-1di

Prop
-

E chain complexes 4 is a categoing
chain maps

Prof :

1) ( , d) : [2
, d) - (2, d) is a chain map

2) If ficc ,d) + <C , d') G : 2C' ,dist(id") are chain maps , so is got.
Cici-

fi d& ↓ fi-1↳
7

ci (i-1

gidI ↓ SitL
↳"Cit

thu
. Homology defies ce fenctor

. Emaintery models i
There's a Steps

1) f : ( ,d)+ (2id') descads to fx : HC) -> HC')

If XtKerCd) , dx=0
, fidx) = d'f(x) = 0 So fixstkerd')

If x <im (d) , x=dy · f(x) = fidys = d'fly) So fixicimid')

So f : Kerld) - Kerd's

descnds to fi"Kerid)/imid) -> Kerid'Y/,mid)

faiHe() - HCC) fa(x]) = [f(x))

2] functoriality .

(re HCC)

and If (c : ( , d) + (c,
d) then (c)+= Hx()

If f:(2 , d) + (id') y then (gof) - = gxofx
g : (cid -((id")



Prof : remember
: 1da(x) = [x] 1dx : C+ HIC)

1) (c)x
= In(c)

fi(tC fail
* (C) -HY(

If x = C , (((X)(x = (X)x = [x]

2) (gof(x =

gx of *

fictc fx : H(C) + H(c)

g :c "

gx
: H(c) + H(2")

(of(x(x) =

[gof(x)] = 91 [f(x)] =

gx of + 02x]

9
chain complex over Ry HGR-modules Ichain maps & -liner Maps

(2 ,
d) Hx(C)

EE fict - (fx : Ha) Ho

NOTE :

at this point , Sekain exsy-ela-modelsy
is abstract .

there's no taxotyical spaces ot all .

Def given fixty , what # ?

let fix-rY be As maps ,

define f# : ((X) + (Y)

o ↳ footmap (0" ,
Y)

lemma f# is a chain map

prof of (1(X) then

f#d(8) = f#[E (1Y 50 FI) = 22 fl" frooFI
dof#(0) = d(for)

= ZE1)" foo E
lemma fenctorial profety of #

Israps) - (Chan mass S



Wis: (1x)+= Idcxcx) and (gof) # = g# of#

is (Ix) # = xcx(X)

Let ot G(X) the
, Ix : x + X

(IxA : ((x) + ((X)

W 5
.

so (x) # (0) = 5 So (2x) # = 1d(x(X)

2) (yof)# (0) =

gof08 = g#(f00)
= G of#00

So this gives a functor

E sm
naps
I - (anaps

Eferexs - acis

Remark : Big picture of 2 functors.

Y I 4 - I -modul I↳ sams camae 9-line mays

X (x(X) Hx(X)

fixeY f# : (x(X) + (x(Y) fxiHx(X) + HxlY)

↳

need to show

1
.

# gives a chain
may In functionality

2. functoriality 2
, f# descends to fe

is a category



week 2 les I

Pry Maps of Pairs functoriality
let f: (x, A) -> M, B) be maps of pairs .

Then
, faixty , have

If Of (x(X), 5 :

*
-A have fH(U) (B => fA(((A)) <COLB)

·

f# desends to a map

f# : (x(X,A) -> CrLY, B)

get fenctoriality betwee categories

map of pairs

-
Chainoxs of 2 - 32-moduleI pairs of space ; I

chain maps
I -linear mps

I

(X, A) 2 (aLX , Al -> Hx(X,A)

f: (x, A) - (4, B) & fH : Cx(x,A)t(HCY, B) o fa : He(XA) -HaCY ,Bl .

Homology invariance

def . Chain homotopic

let go, gi : C-rc' be chain maps .

the Go is homotopic to g , lgong) if the exist -linear maps hi : -City

St
. Ch+hd=g,go .

Cit - Ci
s

(i-1
hI Ih↳ A hd+ d'h=g, -go-Citi- (i) -> Ci-1

Lem : chain homotopy is an u

def chain homotopic equivalent

chain complexes a, are Chain City equivalent if Echan mps

fices , gicec ,

se
foggle , gotrle .

chain maps
nomotro

lenna : chain hity is an ~



Prop If go ,g,: <-C are chain maps , gorg ,

gox
=

gix
:

H() He's

Pref note: gox
: HIC) -HaIC'

let [x] - HxCC) the dx = 0

90x Stx3)-9 ,x([x])
=

I90(x7-9 , CX)]

= [Cgr-gi)(x)]
= [(hd+d'n) (x)]
=[hd(x)] + [d'hcx)] =

0 - CIX) .

d(X)= 0 !

cor : (c => Hx(C) & He (C)

Proof If (NC's Eficec , g:ctC , frgrIdd gotrids-

fargo : Ha() + +x()

f(x()) + H + (C) + HxCC)

=> 150
.

Idea If fort : XeY via Hixx1-Y
,

Idea for
incoming

If 5== -X
, go10) = foxC0) gi : Ca(X)+cxCY)

9110) = fix(o)

get hi0) = H10x2)

himeg : graphical org
don't quite get

universal chain homoty

def Yo , 4 , as maps . *
" x + X

-

let 0 : ** -X
,

then there is chain map 40 : Sa(W") - (a(X)

givenby fIH 50F1
.

Lo : C : &-0x]

Co : X H(X,0

<
=

x & (x, 1)

get 400 , 401 : Sx(0) -> (a(0x2)



unfamiliar wI proof Details

Idea of universal chain honology :

ide : triangulate (x2) & use chain homotox maps

↳ universal chain homotopy
Un= Sx(W) -> (1+1(6" xI)

↳ dUn+Und = 4x-4c2 is chain honology .

↳ proof is index magic .

↳ Digresson of Solan)

weekt lead

As corollary of uniresal chain homototy :

cor
·
fo , fix-Y,

forf
,

the fox : fix

cor
. If fixey , g :Yex indues homotty equivalace ,

fa : H(X) - H(Y) is
an I.E

9x
: H(Y) - H(X) is an I

.

cor
-

If X is contractible Ho(x) =

24

come back to universal chain hty later.

1 .4) Subdivisions

det : exact sequence ,
exact at a module

,

Remark: a Sequence is exact > it's a chain complex with Hi=0 Fi



Examples)
1) O-A-O exact => A= 0

2) OAfBtO exact o is isO

3) O-ATBEC tO is SES,

T :At injective R: B-C subjective

B/im(i) = B(ker(t) *1m(t)= <

B/iCA)= C

defn SES of chain XS

let A . B , C be chain XS .

ther Of AF BEC -O is a SESof CX if
i) Is are chain maps
ii) each is OtAitBi-eCitO is SES Vi

.

I

0 - - 0

·it
· - so

Eg of SES

Consider ACX
. Conside (x(A)

, (12X) ,
Ca(X

,
Al

0 - (x(A) = (a(X) # (x(X)/(x(A)
.

thre : Snake lemma

let O-AIBEC TO be a SES of chain cXS .

then thee is a LES on homology
if **

HiCA) - HilB) - HiCC)

-
Hi-(A) #

Y
Hi-B)

I is the boundary map on LES.



Proof Scheme

· define 6
,

6IC7 : [A]

· show exactness at HxCA) ,
Ho(B) , Hx(C)

↓ d ↓
I i T

Proof 0 0 i As Bi - ci-00 note that It's commutative
-

↓d dy ↓d
0- Ai+ -Bit Cit -O

i T

↓ ↓ d

define 6 : Hi(C) + Hit(A) : let [c] -Hice) - have dc=0
.

It surjective , so 7bt Big Tilb)= C
.

dbtBi- TIdb) = di(b) = d(c) = 0 => dbeKerimi=> = at Ai , i(a)
= db

claim da=0 So to] -Hi-CA). Indeed i(da) = di(a) = ddb = 0 => datker i ,
=7 da=0

② show exactness .

S
HiCA) = HilB) # HiCC)

-
Hi-(A) #

Y
Hi-B)

↳ exactness at HiCA): WTS KerC 21) = 1m(6)

let (aJt Ker /2x) So TxtaT = 0 - HilB)

E) j(a)
= db for some beB: as [i(a))x= 0 soT(a) = db .

forB+Bi

> [a]= /[S] ,
wher c

=<(b) by construction of 1 .

ET ta] Sim 6 .

↳ exact res at HilB) wis KerCTx) =1m(ix)

let [b]t 1m1i4) So EatAi , i(a) = b exactres: Tilb)= 0 - C

So Tab =

0 =HitC (b]tKer (tt)

↳ exactures at HiCC) WtS Ker (6)=

Im (4x)

let [C]-imCa) So T (tb]) :ts] for some bt Bi

Eb
=

< for someb EEG , T19)=db .

[c]=/[A] as construction above .

corollary Apply snale hermen to par of spaces
Hitl(X,A)

-
HiLA) E HiCX) Hi(X , Al

--



Prog Write Hi(X, P) in terms of Hi(x)

LES of (X
, pi) is:

=O

Hi+(sph) - Hit(X) E Hit (X , (ph)

Let Hillu)=>I Eigen
. by toP

I
Hits(X) = Hit (X, [p4S

Hi(sp4)" -> HiCX) - Hit (X , Iph)

i
note that ix ([5p]) = [Op] O in HolX)

So injective so map 6=0
= O

H. (1p3) -> Hi(X) -> H, (x , (p)) wing injective ?
e

i

6= 0 So ico ,
Hicx)= Hi(X, 142)

Holi -> Ho(x) -> Ho(X, (ph) Ho(X) = HolX, Yph *X

0= & - Ho(x) - Ho(X , 141) +O

A B ↳

CEBIA ,
BE A*C

.

week& lea 3

lemma F(x) = ((X, (ph)

Reall that AX) =

E
He (X, 1p4) *+ 8

Ho (X, (42)* & x = 0

But we claim Fa(x) = Hx(x , 3P3) Fe
.

Prof : define ((X, ps = [acx) /Exp>

I(y(x)/(x14)

=(x(X, P)
=> #x(X , P)

= Hx(X, P)

get SES 0 + 1p) - IX) - (x, p) +O

this is 0 + Ashakle leamogies I s/C reduced

#x(p) - Fa(X) -- Fx(X,p) - HE-1Cp> worig
11

D -x(X) & FxXP) !
So F1a(X) = H(X

, PS =

HexP)



Subduisia (mainly used to show MVSS

defn (Y(X)

let SUN IOFAY be an open core of X
.

( = 40 : 3 X SA. OCNR) <Us for some & 4
.

prop . (CMCX) , d) is a subcomplex

let o =CI(X) So im 10) <Uo for some &
. The

,

do = ZEr NoFE also has image in U .
So it's a subcomplex .

AM subdivisie Sena

let 2 : (4(X) < CxIX) be inclusion

thi states that If a is an open core for X
,

we have

2x = HY(X) -> HK(X) is an isomorphism

Prof is skipped in class %

maybe take a look at preef idea ?

def
. Mayer victors sequence .

- commutative diagram of inclusions

Suppose U, U2CX,
and XCUIUU2

, get (M. , Unh is an open cover of X
.

Have commutative diagram of incusies

minum

u J :

-
UIUU2 have 1 , 071=j2032

int us z

Prop The MVS SES

the below chain complex is a SES

① 0
L ② 3

I
0- calvinu) - calist color) In coLV , ra) -O

where i =

I *) j
= 2j, - j2#]

wis exact at D , &,



① Show I is injective note that both # : [x(VinUz) ((a(Ul) are injective

#: [x(V2V2) [G(V2)

SO I ] is injective
② Show that I is subjective

let <- (MCU , UUL) (isomorphic to C"CU , UUL)

SO C=Zai+bjzj where imdiCUI , ImzjCU2

Write a= aiGi , b= I bjzj
the , 19 , -b) - Ca(U . ) & CaCU-) is the elemet S

.
A j(a ,

-b)=at b =C
.

So
I

is subjective .

③ show that at a is exact .

WES (m(i) =

Kerij)

(mi)[Kerij) because that the diagram countes.

imsi) < Kerlj) let (abitKerly) Write a= Z
:
aid

, Im18)cU:

E b =zjbjzy , im(zj)cU2
↳ the is , bys ,

dis
, zjs p. w . distinct

So a t (x(U) be((u2)

j(a , b) = 0 E j1#1a) =#(b) so ZaiGi = 2 bjzj So rearranging reflies

that ai=bj , =zj (m(a) < vinuz , IM1b) <UIU2
.

=> =Zaif((nuz)
,

So (a , b) tim(I ) So Ker j : im i .

Cor
.

MVS SES+ Snake lemma - MUS

U. Uz2X and us UH2 =

X , there's a LES

i I 2
HilUinUz) - HiCU) O HilUr) -o HilU, ruz) - Hit(UnU2S

IS

Hi(U, ruz)
Cor MUS LES also work for I

Prop .

Fi(s) = I In

E
0 In

·

Proof :

By induction a R

Base Case : U= 0

g8 = 3-1 , +3. Hx(9% =

H= (3 -14) - Hx((+14)

= Ho(Si) =I=

9482i A



Recall Ho(x) =

G
HalX, PC :O = Hx)

Ho(XIP) & & i=
= Ho(x) + 2

inductive step
: <O

compute #(Sn)

Write Sn=UUU-Ut=S"1321, 0.... 03} & e"

n-

= S" + ,
0..

- 037 = BM

U+ MU-= S4(1 , 0 ... 03
. (1 ,0,.. 0 4 = Ixgn gr-1

By MV : 1+(gn-1) ⑧ HE(S)
-> +(U+ U-) - +lU+)⑰ HE (U-S - He (UUn-S

-
-

-> Hi(UtU-) - (uth (u) -I (uvut

#(sn-1)

So HE(S) = Fi(gn-S

Ha(s) =

GE if

det notation we can generate Huls") by IS"]

P: UtMU-- Sn (Xy-- - Xn+) & (x2
, --Yna) => PrdISn] = [Sn]

week3 lective I

lemma : turn 2 SES into d LES

suppose that we have a comity diagram of chain exc
, chain maps,

rows are SES
.

↑i
O - A +B -> O↓e0x

-B
W 3

-> 0

je i

then you get a commuting diagram of LES

A e ML
- HilB) HiC) - Hit (A) -

↓fBx I ↓ A xdife e e->
Hi(BY - Hill) -> Hit(Al-

62



Proof: Prove the commutativity of red square .

let [C] < Hi(c) So dc=0
.

↳ first find a ib . surjective ,
bet

,
have Tilb) = 2

.

db = dib = d(c)=0 So dbtKeric=1mi)

SO7GEA, iCal-db · Set 2[C] = [9]
.

↳ Let a = fA(a) ,
b= fiz(b) , c = fc(C)

↳ Show Tilb') = c

indeed Tlb' = I'(fB(b)) = fc(T(b)) = fc() = c

↳ show I'las = db'

Indeed
,
I'(a) = I (frcas) = fili(al) = fis(db) = dfi(b) =db'

↳ so to find G(IC's)
,

have b' for ct(b') and ical)= db' So that SCI'])=[a']
.

20 they ,
6'fcxIC =

&[C = ta] = IfA(a)] = fax2 [C]
.

so the square commutes

Proof scheme
d

I- A+B ++ H(B)- + () - H(A)
↳

-> Mes" - get ↓ d N

↳ Set 6 [C] = [a]

↳ Show T(b) = < and > 'Ca)= db'

↳ 6'[c] = [a] => commute .

Idea :

look at the other unprove boxes .

Example two short Mrs into two long MUS

let fixty with y=U , rU2 ,
U , U2 open .

then
, Vi = f (U) , v2 = f -'(H2) and x= V, UV2. . Then f induces

0 - (x(kn v2) -r((vi)OCaCV2) -((vir (2) -O

↓ f# ↓ f# ↓ f#

of (x(V , nU2) - (a(U)0Ca(v2) -> U. NUL)-O

then , we can get the LES of this above using the above prop .



Prop : Unx : 24n(s) -FnCS") is defined by [s] -- [S2]
.

1S IS

<[S]T [IS"]7

rn= S" -g

(X,Xa
, - . .,Xn+1) <o [Xy" -

-

Xn s
-Xati) SY=UfrU-s V : UteUt, H--H-

Proof : induction on n:

n= 0 , [S8] : [0, -5-1] 81-5-1 -Ker(d)

rax[S] =

Vato- -8-1] = E0 , +8-1]=- [50] .

>O.

now , consider the map that in indus on (SY, Ut , U-)

the SES i :

-

0- Cx(u+ nv) - [IU+) # TelU- - Lutruf -O

↓ ru ↓ Un# ↓#
~

0- CxCu+ nv-) - (U+) ⑦ clut - Lutof -O

get the LES by the above proposition

O I gr- 0
2

-> I (U+* Fi(U-) - #(U+UU-)- Fi-(U+nU-) - Fit(UtOH(U- -

drak ↓UnA
1

↓Und ↓ Un
0

-t 2 Sn-

I (U+* Fi(U-)- (U+UU-)- Fi-lU+nU-) - Fit(UtOHlU- -

consider p : U+MU--sh-1

(XI, .. . xn+1) 2- (X2,
. -

-, xn+1)

has purne rop . (fliplast , cut is Us cutist
· flip 2nd last)

go exted it to

I gr-
2I (U+UU-)- #i-(U+nU-) Ie E(S")

↓UnA
1

↓Und ↓rais ra-Dis[gnrl]=-Egn]

2 Hi-lU+UY * (sn-
ruxIg] = - tg]I (0+UU - -

2



let rest
,

let rights be reflectic acros the plane + to U
.

CON ·

=> rux(ISI)= -ISn]
10,0,

--

,
0, 13

Proof : Snis P.
C .

If his path from ~ to enti
, Vocus is a

from Fr to renti = in
.

So rux = rn
.

homotasy

Excisin + collapsing of a pair

det
.

Deformation retract

let Act then A is a dir- of [if I p : (2 , A) +
(2, A)

S
.
t

. P of : (A , A)+ (A
, A) = /(A , A) =(A!

- (X,A) is inclusion

Top : 12, A) - (2 , A) ~ /(2 , A)

homotogy map of pairs

=>
z ~A .

def good pair

let (X ,A) be pair of spaces.
It's a good pair If Evex open sof

.

(U
, A) is a dir

.

X

U

-

e.g .
submanfold is a good par but R . R is not .

Thm the good pair isomorphism

suppose (X,A) is a good pair , Tti(X,A) -o (X/A ,
ACA) the

54 : HX, A)- HXA, AIA) I [x(X/A) is an isomorphism
↑

b/2 HxlX, 144) = Fix(X)



Example) of
computing using good pair hom .

x = g , A = 3ni sh.
2: XA

Thi States H(X,A) = HIXA, A/A) = FI(X/A)

Or D⑰ ↑·- W

So , using LEs , get

note LEs of pair works on allw(why)
= D =

2

F(A)-F,= Fix , > HaCA) =

GFaCA) * o
2

2

- Fo(N*2 x = 0

= D ~
= 0 = I

~IHA)- H
,
(X)+ 1

,
(X , A)7

I

-
=0

b/C path note: H*(X, A) =FIX,A)
-I connected .

~II - F(Y+ FIX , -OH D
+)

↑
+)

may is 0

SO Hz) = HX/AEH,A) = F1xX, A) : G
2 if + = 1 , 2

0 a. w .

Ex2. Yes's' , B=S'X

FB
-

hom equir to I ine
we know H1B , H,Y1B) = HxL2) , WiS HxlY).

two Steps

I3 Show six :s'-sixs' is injective (which helps with computation for LES)

2) show that Y /BY I
.

1) let is : S'-g'xs'
x & (X, 1)

I 32: S't S'XS' +102 ,
= 15 => T1x0ix : / Hx/S') > It is injective

x & (1 , x)

i · jxs'- S T20T2= 1s' =>
T2x0 > 2 x

= (Ha)S')
(x ,y)+ X

T2 : sixS'- S'

T
-

2) Y/BIZ
[xy) - y

2 = S'xT , 13/sixs Better-o
[i

S'xE1 , 1] + 32 - Z

g'xt-1
, 13 - + Z



Z

1S

using LES of pair HaCTY
.

have 0- ((B) + ((TY)- (x(TYB) +O

= 0
-

H2B) -> FeCT2) - #zCTY/BT
**

so breakup into two
2=0

S OtFe(TY - x -O
injective as shown

- -I I - earilier
. N

4
=

2
HiCB) -> HIST - H(+2/B)

= 4

- 0 + x- 142T) +x - O

M

= 8 = 0
=40

HolB> - FoLT
*
-Yolt/B)

SO FICT) =

2 E or Filthy=

& E En2

0 0 .W.

week3 Lecture 2

thre
:

the fire lemma shelps to prove excision)
.

Gives commutative diagram of I modules .

is each row are exact

2) fill ,fitt are iso

-> Air - Ai- -At Act - Anth-

difire Alfie /fi defits fitz

-> Bit -r Bit oBi-t Bitt - Bitz -

def (MCX ,A)

let U=3ujl ; t5} be an open cove for X.

the If ACX, UA=YUgAljeTY is an oper cove of A .

and * (X) <(a(X)

define (i(X,A) = (x) /* (X)
the map = : CM(x)- (-(X)

indues i : (xX
, Al + (x(X , A)



lemma : 3x :H ,A) - HalX , A) is an isomorphism

induced by
i : (YX , A) -(x(X, AS

we have

0- (A) -> (! (X) + ca(X, A) -O

hi ↓ ↓ i

0- (y(A) - (x(x) - (x(X,A) - 0

so we get commity diagram of LES

-> HY(A) - HY(X) - HYX , Al - HE(A) - HYC) -

↓ix dis ↓<x ↓ix fix pink are iso = blue is iso.

-> Hx(A) - Hx(X) - Hx(X, Al - Hx-1(A) - Hx(C) -O

Thi (Excision)

Suppose BCACX and BcInt()
. Letting J

: (AB
,A-B) + (X .A) have

ja
: Hx(X-B, A-B) + Hx(X

, A) is an
-

Proof X
note that U=Yint(A) , X-B} is an op.

COU for- X.

W NI I/AI/Y retation : If 5: OK+X ,
write Ge If (MOCGy for sele j .1I:i//IWiN I IIll I

then (M (X) = < 01 54U7
-

=<01 ,mco) &B = 4 >0 <01(m10) n B = b >

- UA

=

C*MX-B) O MB MB =

<01dim (O)nBE4]
.

-

simiany , (* (A) = CY)A-B) ⑦ MB
either (m10) CXB or

me
1m10) &XB

=x+1m(5) S. A .
x *AB So im1) nBED

=> x tB

note : If CCC
, then the inclusion is an iso U = mtCA) => imCo) <A

u = x-BC*B So im18) &B= P .

- is an iso

so that C = (M(X-B)

C = (kA(A- B)

then j4:GetCities is an iso

so JH : (* (X-B , A-B3 - (* (X, A) is an iso

ja
: H* (AB, A-B) - HYLX, AS is an iso (because u degads on C)



now
,

H-XB , A -B)
Ex* HE(X, A) By our orer lemma , which is

↓is ↓2 equal to fire lenment subdir lemma
.

H(X-B , A-B) Hx(XA)
hell, jx

: Hx(AB, A-B) -Hy(X,A) is an iso
.

Proof scheme :

↳ WIS : HAB , A-B) = HIXA) whee BCACX , BCint(A)

↳ note that U: lint() , x-B) is an open cove

↳ Write (d(x) = (* (ABS *MB 2'O MBI
x = =

M
(xY (A) = <Y(A-B)AMB

↳ x! =e

(Y(A)

↳ (F(x-B
,

A- BS = C>" (X,A) => use lemma , get Hx) 1 = Ha) (

Prop CLES of a triple)

Suppose XCYC then there's a LES: to remember
,

each (a, b) < (c , d) acc , bad .

24
Ho(Y,x)

"
H (2,x)

-
+ Hx(2, 4) = Han)) - ...

proof group theory says below is a SES

o -- (2) - 0 CEBIA

(xlY)

0 - x(Y,X) - (x(2,x) - (x(2, 3) +O

the use snake lemma to get the result .

lemma: deformation retraction Induces is on homology .

let A be a dir. of U . let i : (X, A) - (X, U) be the indisin map .

then i* Hx(X, A) - HxLXa) is an isO
.

Prof-using LES of (M,A) then LES of thile (X, U ,A) .

> *

....- - HCA) ** Hx(U) #Y Hy(U, Al Se Ha-(A) -Hx-(n) - ... -

A I

ker(fx)= 1m(Hx) = Hx1) So fx is the 0 may.

1m19x) = Ker(ix) = 0 So go is the 0 Map .

=> Ex , Go are the 0 map, so Ho(U , A) =O



(X, U,A) ACUCX

j ,
.... HxCu , A)"

*

Hx(X, A) ** Hx(X, U) te Ho-(UA) - Ha-1(X ,A) - ..
---

=D 4 = D

I

50 Hx(XiA) = Hx(X, US

def good pair :

=UcX open
(X, A) is good pair if E A Cu

* is a dir. of U
.

excisien is indusies Ha(X-B
,A-B>
* Hx(X ,A)

collapsing is quotient HACX , A)
*

Ha(XA , A/AS

#x(X/A)
thr collapsing of a pair .

21/

suppose (X, A) is a good pair , and let T : He(X,A) -- Hx(XA , A/A) is an iso.

Proof idea :

extend the commutative diagram downwards

I
HiCX-A , U-A)= Hx(X , u)

- Ha(X ,Al

Js , is, Is , exisien= I dir .
I

jAProof : Ha(X-A , U-A) - HaCX ,U) & HaCX . Al

↓+ ↳
2+ ↓ 3x

Ha(XA-AIA , WA-A/A)Y Hx(X/A : WA) HaCX/A
, AlA)

excision=> E dr
.
=I

This a homes T2 is > #3 is
.

it : (X-A , U-AS - (X/A-ASA , UA-AIA) is a homeo
.

you can Reore LHS from PHS
,

bet
. manifold

H(X) is onlyA space X is a manifold if it's that has only Iy
) Metricable (Hansdorff , Second countable) of 2 at 0-

2) every xex has an open nbhd UxE" LICX, A) or I all

don't have this problem

thi .

He of manifold

If X is a mani , and xeX the HX , x -x) =

3 & *↳ N

⑧ 0. W .



Proof Scheme : · use excision : = Ha(X , X-194) & HyCD" , e"-IPh)

· Use LES of Pair to find out what his really is
.

Rt . Pick UxX as above
,

the ux I h Dr 1UxCX

x 10 So DcX
-

By excision , (BCACX , BCINA) => H (AB , A-B) - HoCX,A) is I

A = X- 3py

B = X- D

=> Hx(D2
, D-p) + HaCX , X-ph) is I

e.e . excisin with X= X

EA = x- 1P4

B =

x- D

get HxlX, Ap) & HxCb"
, x"P3)

* H= (DY , gr-1)

use LES of Pair on HaCD"
,
SY) ,

and using #x , and note FIxCD") = 0

-

#xCD") (D" ,
5) In He-1 (Sr) =e HE(D")

= O I
= 0

So [CD"
,
gr-1) =

E I * = U

Il

Hx(D" ,
51-1) 0 0 . W .

cor If Mm , NY are m and a manifolds and MIN the M=n
.

week 3 lec3

(II) Cellular homology .

def degree of S Maps

recall Hnign) = & generated by [S] .

then , If fis"-s" has fx(sn] > KIS2] KAR
, the its degree is M.

Properties

-) deg (1s2) =1
,

2) dey (fog) = (degf((deg g) 3) forf1 => deg(fi) = beg (f)
4) fish Fish then degif)= > o On an on Pey
5) If ra : gregh is reflection it, degrr=-1
6) If A : sign antipodal map , then day (A)= fin

Cor : Antipodal map f Ign if i even
.



Local degree
If PES , S-p ID" which is contractible

then , T : Hn(S) -rHrCs" ,sp) is & for nisl
.

defn : Is" , -p] & [u , W-P]

define Is ,S-p] by T1x[s] = <S, 54] : element in HrCsY, sp) induced by Ta [S2]
.

Similarly if UCS" is open ,
if pou , let B = SUM

,
Bis closed .

5 <int(54) => (S-B , S-B-P) = (U , u-p) (recall excision : BCint(A) = (X-B, A-B) - (X , A) is iso

so we can use excisies Ju : Hn/U , U-p) -HulSY
, Sp

*

is an I
. "sdefine [U , 4-p] by IU

. n-p] 1s , sp] C
defn

.

[vi ,vip] -tuiu-p] is an I
.

If p-UcU , we have a commutative diagram

[U , U-P]1 Is ,"-p]
Hn (H , U-p) & Huls , S-p)

&
I I

ix : Tuin'-4]-[U , U-p]
E

is an I
[u"

,u'-p31 Es, =P]

Hn(u'u'P)

Because the two other ones are I
by excision ,

it is an iso
.

defn Local degree of a map
If fish-rs" ,

let pts" ,
and f-sp)=99 .. -qu is finite ,

then

qizU
- Ei=j)C I

S4 Hausdorff: find nics" open , s
.

A
. Kinuj=p , if itj

and qitli and

fi : (Uisvi-qi) - (S , s"-p) /not necessarily incusion ,
it can do weird stuff)

So fix [Mi , Ki-gi]= K= [S"
, -P]

So Ki is the local degree of f at 9i- denoted deggit= ki

remember : in : (ni , vi-g] <[S, 5-9]
for : (hinings - odeggits, s-9]



lemma : deggif : Ki does not depend on the choice of Hi

Proof : Suppose that McMi
, gitMi then

Hilli
, Ui-gi) Fre HuCSYs"-q)
↳

If ex
Halli

, U=-gi)

↳ [Ui'
,U-p]= [vi

, ni-p] so deg fx =

deg f .

geneally , given Hi , U : two ope nbid of Pic So is Virus so Kirki , Vi,li gives the

the same degrees .

Rmk
. homology on the unie of open sets

.

let v=1Uics" . It's open . By excision , (SS-V) , S"-fps -(sv)) & (S , g"-ftsp))
IlI

V- f-x(p)

I

get jx : Hn (V
, v-f(p>) & Hn(gh

, "-f-p))

IS

⑦ Hn)Ui , Ui-4i)
= zr

so that [Mi , Ui-Pi] form a basis for HnCs", "-fps)
.

lem
. Map (in(s) -> Hn15"

, g"-f-(p1)

let map Hn(S) -> HnCs"
, S1-fp)) ⑦ Halli > Mi-q)

given by ES"] I >E, [ui, Mi-q]

prof
.

there's a commutative diagram
note that Hn)V , V-gj) & HnCUj , Mj-95)

We
all components

are contractible

except for the th

Hals" , ---1(p)) ~ Hn(s"
, 5195)

! I

2 jk I j* (by excision also

(excision above)

Hn(V , v - f-1p)) 2 Hn) V , V-93) =

Hallj , Uj-95)



vertical maps are isomorphisms . So we reverse the two vertical arrow and

add things to diagram .

Hn(S")

diagram commutes So &= Boty

&
&(IS]) =

[Uj , 45-95]
W >

n
Hals",---1p)) 0 HnCS"

,
S 95) = Bonj (IS2]) = [U;, Uj-9i]-

B so BCIS]) = IjE, [Uj , Uj-9j]
jx Y ja &

D -

T -

Hn(V , v - f-1p)) 2 Hn) V , V-93) =

Hallj , Uj-95)
↑

Il

** Hn(Ui , Hi - qi)
I

Proof Scheme

↳ Start with square (S","-fyps) - (s" , -gi)
↳

IV , r-f-ps)- (V , regis
↳ reverse vertical arrows,

add Is] on toy and two isos
.

↳ Commutativity shows desired result
.

ThM
. degree of - as sum of local degrees

Spose fis"--g
, f-(p) = 1992 ,

... gr3 .

then
, degf = I deggif .

Proof

Hnlshy
f*

- Hulgn) d & : Is"] -x deg f [s"] -> degfIS", s Y-P]

B↓ ↓ U : Ig] -> ZiE, [His Ui-qi]

Hng",-f())
f* 8 HnIs

, sp) -> Zi (eggif) [s,s-p]
W -

& IS jx-1
of 8

A
⑦ Hn(Vi , vi-cqi) so degf

= Z:=: (deggif)



example about homeomorphism not understand !!!

Motivation section is missed !
nee

To remember for local agree stuff .

1. define local degree :

2 : [li
,Hi-qi] 2 [s

, sqi] excisio

degree is degree of for

2 , lemma
:

show AnCIsn]) EHn([di , Wi-gi])
-

this point , nothing to do with H
.

expand on Hn(s",--P)) - HCS, S"-gi)

AnsU ,
westpSS En HSU, Y-gi)

3
. Include the f now , show that

Huss) F

↓
HnIs" , srfp>)

113



week 4 lea (

The cellular chain complex .

det
. attaching along a function

let BcY
, assume fiB-X

. Then XUfY = x #Y/w where ~ is the smallest

equivatace relation sf br-s(b) FBEB.
So this space is obtained by ghing

x to Y along f
.

def Attaching a k-cell

(Y , B) = (D", s") then x UfD" is attaining a kill to X
.

def . finite cell complex

A finite cell complex (fcc) is a space X equipped with closed subsets

G = X-1 CX0 CX I C .... CXKCXK . --- CXn

Where XK is obtained from Xist by cutailing finite cells
. S

. t .

[Xx is called Kiskeleton
.
) where

11A DKXkYX1 UF
&fA

F: S
"

- X1 , FIG Fr
,

Fo : S
P

-xis

dut open sets of infinite conditions

X= Vi Xi then UCX open ET UMXK is open for all K .

Examples of FCC complex constructions

↳ graph :

9 V of o-cells ,

e of cells
. ↳ simplicial 2x : 1- Kicel for each diml face

-

of o-cell
, of 0.ell

↳ " : 2 !
of K-cell ↳ 2

G .. ...

I of -all I .. 2 .

L D
+

: I I of K-cell

I of + 1 - cell

↳If

Xisa spar
,

ofa



def Wedge product

let (Xi , xi) ,
-I are pointed spaces ,

the wedge product is

V(Xi , xi)
= HXi/Ixe

it 2

Projective Spaces

def
.

The idime projective space CIP"

KIPU = gn-304/a*

-where a acts by xE= +2

I: Cn-yo4 - KIP"

[
(Xo, ... xn) 15 [Xo: X:... : Xn]

.

Prop .

CIP is compact Hansdorff & <IphAsitys

have = 4h>oxs'

494-302/aso A gant

2 ↳ 2/21

KIP I qH-yo4/oxsI I g*/g => compact & Hausdorff .

2 kn+-3oh/c*

-

Sant

Det the Hopf map

Pr : Sant- CIP" is the projection

Prop . Using Hopf map to inductively construct ciph

KIP" & KIP" UPnDe where 4n-1
: Sen -> KIPP-1

two stays.

1s steg : KIP "UpmD2 glues to KIPM

nd

steg :2 show isomorphism

RY KIN/N

Il

Step 1 : 2 : CIP* - CIP

[E] +> [2 : 0]

is : Dan -> KIPh
11

4 2e4"
, 11211x14

I is [ I : /Fl~ ]

note : zilgue = 3 , %P So in is agree on 2D2: gen- and Pn attain gant to elpn-1



combining I ., Is
,

define j : Dan Upo,
RIP

*
- DIP"

Step 2: Cheek bijection .

i= D Upn- CIP""- CIP4

inverse of I is gir by

:
+

[20 : 2, :....: zn]
= if ~n 0 then (20 , 2, ...., n) -D2

E
if In =0 then [20:2,. ...

: za] -KIP

Proof Scheme :

M goal : <IP
*

Upn+ D2" & CIPY

↳ 2 : In- CIP" zilgum = Pus so give

[2] -> [2 : 0]

72 : Dan -> eIP
-

2 - IE : /H-IR]

↳ revere of I exists

Prop . The cellular construction of KIP"

KIP" is a fac with one call of dim 21 ,
01iEn

, and no other cells
.

Ex KIP 192 is a hemann sphere .

a Ocell and a drell =

only attaching map is S'-D : get S2
.

def .
↑" = (**

-304)/**
= S"/x122) where 212 : xt -X

and similar drignments show IIP** IPIP
* UPDY

RIP" is a fic with I cell of dim i
, 02iIn

.

Prop Computing Hx(KIPL)

H* (KIP2) =

G if A = 01, ... M

0 O. W
.

Proof : consider LES of Pair HACKIP"
,
DIP")

note that RIP4/CIPN A Sin wher si has I , all
HECKIr, IPM) 1 Ex (grn)= I

if
an

4 E
collapsay

Iof a pair



using LEs of pair yields

2 Hi+ (CIP"
,

41pnS
-

HiCkIn-1) - HiCGPU) - HiLGIY , KIPY

-
H : (kPh-1) -

note that all 6 =0.

Hitl (GIP , KIP") THICKIPM)
,

When i =2n , domain is 0 . When == 2M1 , HanCKIPK-1) is O .
So 8 always 0

.

Ot Hi ( IP") -> HiCKIPN)+ Hi CKRY
, KIPN) - O

4

free

=> HiCKIP) = Hi(KIpn-)& Hi(g2n) = & when I even

E
0 0. W .

think about computing HiCRIP")
.

week 4 les 2

Prop Hi(D",S) E Ha-2S")

Proof : In the LES of 14 Y SC
,

1DK) = 0

define ID" , S] = IS]

Prop : (X , Xx-1) is a good pair

let X be a f
. c . C .

let Ak=

Set of K cells of X

X = Xis Unfr CD") fr: S** XR

let Up = Xi Uner (a D-0) & note : still legal . just remove the center point

but bounday map situll sticks same .

get is a dir
. of DP-0

Xk-1 is a dr
.

of UK
=>

Xk is a der.
of Us open XK

=> (XK, X,x) is a good pair .



we can do it

Prop . Important properties ↳ because it's a good pair .

↳ xx/Xs * AS"
20 Hin(X1 , Xx-) I HK (osS")

IS

Hs(*" S)=

x
Hinlp",g() = head-A7

where eo : To (p"s""]
.

det
.

P
map

have Pas - Us"
V

AB :

projection onto the th call
.

& fAK Sk
&

O 14

Sk

e
.g. Pp(ed)

=

bes &
.

det dis (dia for cellular homology)

di is the bandry may di : Ha(XK
, X1c) -H11(XK-1/ X 1-2)

In the LES of triple (Xx , Xx-1 > XIS-2)
.

lemma dk= (Tk-1) +
· Sk

dk= ((k-1)x · fx

where S1: HiCX1
, Xis) - Hic- (Xx2) is the beadary map in the LES of pair (X1 , xx-1)

(Tix-1a : His(Xx-1) -> His-1CX11 , X1-2) is the homology indued by projection .

(Or T11-1
: (X1s-1, 4)- (x13-1/ x1C-2) as a map of pairs)

Prof : d1 Hix(X1, X1 ) - HI (Xis-1
, Xis-2) 81: Ha(Xx , Xisn) - His 1(Xx-1)

Kinda confused .

[C] - Hx (XK, XK-1)
,

let ((k(Xx) so dCE(K-1(XK)

then Gx[C] = [d2] => H - (xx-1)

↓ KIC]
= [dc] - Hx-(Xx-1

, Xx-2) So TK-21stC] = drtC]

cor drodk+ =0

Dof : drodk+= (K-1+ GK 0 (TK)x08k+ 1

=(Tx- 1) + (61x0(T1) x) 05k+1 Since 210(T() are a consec map in LES of (XK
,X11)

H1(Xx) **

&HK(X1 , X 11) An H , 1(Xxx -1)



Proof scheme :

↳ diff)--)-H)--) is be map of LES of trigue

↳ Write d = 40S

↳ dod = To%+)
= 0 in LES .

det the cellular chan complex of X

let X be a fac
.

Then ((X) = Hi(Xi
, xi-1) det is bd map in LES of triple .

then the cellular chain x of X is ((((X)
,
d) = (0 His(XK, xx- ) , *dk

The Bing thr of Hill(X)

1) Ha(X) = H = ((((x) = Hx(X)

2) computing Hi(X) works as follows :

<q(X) = Hx(Xx, X15-1) & <ed /OtAK 7

dial : (ay(X) ~ C(x)

die (ea): hope where no : degofd

g
- Ex-17 Vg
&n BEAK-1

fo

O fa ↓
3 K- 1

Prof dk(ed) = (T2k-1) + 06 (20x [D"
, ""])

= (Tix-1) + 0 Zox (6x [D"
, s])

= (T(-1) x 0 20x [S] = fox Is"]
ne

include sk into XK-1

corresponds to the attling map

So dK(ed) = fox[g"]

now
, coefficient of es in fox[S" ] Don't get this part !

=coefficient of Is] in (ppofoly Is ]

=dog pofol
rest of the proef is shown later .



Ex1
. compute Ha (DIPU)

RIP has I cell of dim bi for each 0bicn
.

2n 21- 1 2n-2 I 0

2 +0 + x to - ... to X

so each del= 0

=> HxCKIP) A CON CKIPRC=

GR if is 0 , 2 , --2m

⑧ 0. W -

Ex2
.

IRIPM

RIP has I cell of dim K for each 01KEK
.

(
*
Y (RIP) = <CKT

di di
R - 2 An A ... 2 - &

17

<en7 cen- cei c
·

key to understand this: ↳ write as Sum

↳ understand the map
d : (*(Xi) to ( (XK-)

~
↳ odd to

-

eve + 2

↳ write gisy composition of long chain of maps

↳ pick & , hix199)- !( ** K-2
,

open abd =>Plj = 11 ↳ get result .

↳ hk- : hiz- A since his identifies antipodel points

lemma that helps to prove Ho (x) = Hx(X) +(x) = 0 42m
, ATM

If X is a fic with one cell
,

all other cells have dim d
, mIdim = M

then #x(X)=0 When sam or x>M

Proof :

By induction on M-m

base case : M-m =0 => M= M

the X has I all in dim0
:

all other all with dim m= M .

n

x = V sh So Hilx) =0 for IEM
& -A

inductive steg :

suppose Statement holds when M-mCK
.

Let M-M=K
.

suppose X has cell of dim Midim =m+1 ,
then Xitis has well between M and mik-1 .

indutive hypothesis apply to xm+K
,

Conside LES of Pair (X , xm+1s-1) . It's a good pair .

AXm+K , X/xmtk- = Sm+

-> Hx2X , Xm+k-1) = 0 Unless x = M+K

~

-> He (Xm+i-) =0 unless mex = m+1-1

-

nete : Fx(Xm+1 -1) -Hx(X) - Ha(X, xm+IS-1S

unless * = m+K or xfEm , m+11]
, both are 0

.
So When ** [m , m+7

,

we will have they both 0 So Fo(X) is 0
.



Proof scheme :

indefine process :

E
Hx(X, Xm+k-1) = 0 unless k = MAK

#x(Xm+k-1) =

0 unless me* <m+K-1

the use #x(xm+K-1) -o 2x(X) -> Hx(X , xm+1-1)

week 4 les 3

Recall lemmal call cells medm =M) Ha(x) = 0 A * [M , MJ
.

lemma If X is a fac
,
XIX) is a good pair where did you

prove this ?

cor Hk(Xx+1) = Hx(X)

proof : LES of H(X,
x x+1)

=O

His1(X, Xk+) -> Hx(Xk+) ** Hx(X) -> HinCX
, Xi

By collapsing a pair ,

His(X , xx+) & Fix(X/xx+1)

X/XKH has one o-cell , all other call with dim > Kt2
.

So by lemma
,

H1(X/XxH) =Hk+(x/x x+) = 0

Thm . If X is a fac
,

then H* (X) & Ha(X)
.

Proof . to reconstruct the "cellular net"
,

start with the Hill horiental
.

Then the

two s to get d=Tt08 . Then
,

work it out
.



-

Proof :

He(X ,
X

= O

Hi(XK-1)

surg :

He(Xti)
Horizontal is chain

A Diagonals are exact .

HI) )2/1
- MA

Skt TK inj => 1

A
dk-1

~ Hist (XKH , Xic)
&K

2 Hx(Xk ,
XK-1) 0 H-(Xk-

, Xx-2) 8

↑

8k

X ⑰

TK1 Int = I

HK-1(Xx-1]
-

=0
HK-1 (xx-2)

SO T1 TLK are injections . I is surjective .

Ker (dK-1) =

Ker (T1- 10fx) = ker(Sx) = im(x) = HK (X)
4 ↑ 4

TK-1 is exact ness TK bijection .

injective

imcdk) = im (T1x0811) = (mC61ct) HY(X KerCd-) =
Hi(Xi)

= = min) = Hin(Xin+1)1 =

1m2dK) ImSK+1
xi bijective

Ha(X) - kerd = Hx(Xk+) = HILXR)

2
.

3 . Homology wI coefficients

def .
Insor product

If M , N are -modules , then

MON is the module <men/meM ,neND/-

where wis component-wise distributivity3
scalar prod with coefficient in R

.



Properties ①MON NQM ② OM IM & (MIPM2)&M3 1 MIQMS ⑦ M2QM3 .

Examples D & &/R =0 as qa1
=

q(nank
= (q(n)40 = 0

2) ElaRx X/bR =

R/gccab)2 (see preef)

det . WM functor

①M gives a finefor

N -NM

9E
I modules 4 f - fl

: modules ]
↳ linear maps G-liner Mps

fal (nxm) = finsQm

So if (C , d) is a chain cX , (CQM
,
de1 is another chain (X .

def . Singular chain CX with coefficient in G .

If G is a E-module/abelia gray ,

(x(X; G) = (x(X) & G is singular chain ex with coefficant in G
.

Ha(X, G) is its homology .

Ex
. Chain ox over & to chain ex over

let be a ring that's also an -module
.

then there's a functor

GR-mod I E
L'modules

BBlin mps in
na I'linear maps

indues a functor

Echaim ex over a Main x one 4
chain maps

I
chain mps

lemma : fig : c - care chain homotopic viah

then fal , 941 : CQM- CQM : are homotoxic vid he1
.



Example : tensoring with Ran & modle .

EX : C= (*M (IRIP3)

· O ·

C R -> R · R - I

3 2 I 0

Hx(C) R ⑧ 212 R

D · I · 8

[xk ⑪ - a - - Q

Hx(CXR) R 0 B Q = Hx(c)

-W 0 .
(x212412 -212 -> 212 - IIe

Hx([xx2(z) 212 212 -12 2/2 =Ha(C) & 212

def . Euler Char

let C be a fod . Chain x over a field .
Let x= dim((K) let his dim(HK)

.

then X(C) = 2 x (1)"CK

thm XCC) = XCHOCCIS : 2 G)PhK

Pf : let Ik= dimker (d) bK=dim , m(dx)

CK= 2k+ bK
.

Hik) = Ad So hK= 212-bit

X(C)= 2+1)
"

2x + (1)
*

bK

x(h) = 2 (1)"[k - bx+1) = 2 ( 1)
*
2x - (- 1) bx+ 1

=

I (1)"2k + f1) bK

The Eilenber Steerod Axioms

def
. an ordinary homology theory wl wel in Gabelian group)
iS d functor &> Pair of spaces I - E

I Modules

I(X, A) - H(X, A)
mp of pairs

f - fx
2-line mps

satisfying 1) homotogy invariance

2) Es of a pair & mp of pairs Induces a mp of LES
.

3) Excisin thm

4) Dimensio axiom : Hxbo = 3G*



Thm . If X is a fac
, and He is

any functor satisfying above
,

the Hi(x) & Hx (C- (x) xG) & Ho(XiG)

In particular ,
HxLX ;G) satisfy these axions.

(means can tesor any has long as "is a mode)
M
-

any fec's hom with

week 5 IeC 1

def
. free resolution

M is a M-module
. Then A is a free res

,
of M if A is a free chain complex sit .

1) Ac = 0 for K71

2) Ho(A) = M

Hx(A) = 0 for x O
.

3

e.g . If his a PID o - =- free res of /ca)

ix 33 [Y]
B = GIX , Y] R + 4

2
+ h free

. res of /(NY)
2 10

def . Tori (M , N) for M ,
N modules .

let M , N be modules .

Tori (M , N)= HiCAQN) where A is a freeres of M
.

Tor measures the failre of H(AQN) to be H * (A) QN . (at o = MQN)
.

Prop . Tori CMIN) is well defined

fact :

any 2 free-resolution of M are chain htp equivalent.

Ava =7 AQN ~AN =7 HeLAQN) = HyCAN)

fact Toro = MON
.

example of Torx (2/a . 2) and Torx (2/a , 21b)

recall any 2 module & , **R = R
.

fact Tork [41e
, 212) explains the extra 212

.
in Hx( <* (1P1P23)

defn short injective

a chain xis short injective if

1) CK = 0 for AFK , KH
, CK : CKH is free over R

2) diCKH1-C is injective



The structure thm for chain complex over a PID.

a free chain X over a PID is a direct sum of short injective (Xs .

f

fact If is a PID and M is a free module Over .
Then all M's submodules are free .

actual prof
we have a SES

0- Kerdk -> CK-> Imdk to

↳ Imdx is free

imdkCCK-1
,

CK- is free
, so imde is free . So the chain splits.

dk
↳ So (1= Kerdk & BK where Bi = Im di d => ImdK C Ker dK-1

So we get a map BK-Kerdky where the map is injective

he each of Brokerdist To is a chain x , injective
n = A(Bx - kerdk-1)

But rainBK + Kend 1-1

bBK-
-- Ker dK-2

cor. If two free chain cx over a PID have I homology ,
then they're

~ equivalent .

Prof : each free chain X is a direct sam of free resolutions of

their homology . By fact that
any

twe free resolutions of same module

are hty equivalent , So is the two chains
.

chair nty equivalent

cor If C is a chaincx over a field #
,

then (Hx() , 0

proof:

< is chain 2X
-

CCC
, 0) is

...

- H5(C)
-

Ha() H31C)
s

...

vector spaces

have same homology .

I is free one I as every modle one # is free always free

have they're chain hity equivalent



ToriCM (N)= Hi(N)
cor universal coefficient tum) a fres of M

.

let C be a free chain (x over a PID
,

then

Hx((QN) = Hi C) ①N & Tor
, (H-1C) , N)

=> Toro (HCC) , N) & Tor , CHI-C21,N(

Prof : is a let sum of short injective (X.

Suffice to check on a short injective 2X .

no ide how to show for S.

I . CX .

N ⑧
I

·N - CON-CoQN-0QN

WtS Hie((*N) = in() &N) & for , CHI>N

-Lo is a free res of Ho(C)
.

=Hi+(((N)
R=1 ,

LHS = 0 RHS= 0 & Ho([QN)

R= 0 CH S= HoCCON)
,
RHS = HoCd &N

as a result of universal refficient thr , Ha(xiG) is determined by Ha(X)& For
.

It) Conomology & Products .

def M , Nare & Modules , then Hom(M ,N) is -module

def f *

let fi M, M2
,

the fY: Hom(M2 , N) -> Hom(M1 ,
NS

09 o of

f* is -linear

def . contravanant fenctor almost same as a functor except. FIfeg) = FigloF(f)

E: Ges to Yea

objects : X -eE(x) morphisms : fix-ry -> FIf) : F(Y) + F(x)

satisfying F(1x) = /=1x) F(f-g) =

Fig) -Fif)



Prop :
+ defines a contravaint functor.

Hogs" & = dolfrg) =

f4(0)0g
= g4f"(01)

3
module

sis
y t GR-module 4Eliner Maps

M -> Hom (M ,N)

f - +4
(f:, +M2) (f: HomCM2 ,N) -Hen (MyNI)

def
.
(Hom(c , N)

,
dY) cochain complex

let (C,d) be a chain (X
.

ther (Hom (C, N)
, d4) = 0 Hom (CK ,N)

di : Hom(CK-, N) - Hom(C1, N) Satisfy (dx) =
0

this is a cochain complex .

def covariant functors = functors
.

def covariant functors [chain (x) - (cochan (X)::

E chain ex over

I oh
cochain (X I

chain maps cochan mps

(c , d) [Hom (C , N) , d * )
-t

f: ( , d)- (Cid') f4: (Homsc'
, N) ,

d' Y) - (HomCC ,
N) , d)

def cohomology

let (C* , d) be cochain X
.

Then

HCC) =A
im di-1

def
. Singular cochain complex with coefficients in G

.

let X be a toy space .
The its singular cochain CX WIcerffin G is

(Hom((a(X)
, G) ,

d Y )

cxx
"

" G)

its th singular cohomology is H* (*
(X ; G)) = H"(xiG)



Prop .

extend the contravariant functor for pairs of spaces

H*X, G)
:

pair of spar 7 -o Y Mods

E
ma of pairs

E
2-(in Mps
I

Space(X, A) HY(X , A ; G)

f: (x, A) + (4 , B) & f*(H" (Y , B : Gl) - (H"(X, A ; G3)

f" is map on the cohomology indued by cochan mp (f#)
*

II pairsofsys scain,"
mic)

y chanca e) empa

week 5 les 2

note : C"(XiG) concretely :

(* (X ; G) = hom[Ca(X) , G)

c(Xic) = hom(<x(X) , G)

=30 : (1x) + G) & is E-linear

& - C(XiG) is uniquely specified by & (0) for Six" +X

note : (d) = 0

d : "(xiG) + c
*

(xiG)

let of C"(XiG)
·

The d
*
x (d) -> (k* (X; G) = hom ((x+)

dY (d) 10) = & dx O di(0) (0) = & da O
444

CRAG (K++(k (k+1

disodi (0) = do(dk+1odk) = 0
4

= 0

def cochain maps

If fix-Y ,
f: (KCY ; G) - <"(xiG)

fi: [x(X)-[kCY) homCCk(Y) ; G) to Gom(Grn(X) , G)

by fH(d)(0) = 0 fi Co
= d .(fig,44 44 4

-> c4(4) [rIX) CanTrG Gx+CY (k(X) xeY +X

W

(k(Y)

=. ((0) = 0 f
.

(8) and Cheat Sithin Ca Spit alt G
.



Pry . His Sain map

d += "(XiG)+ (
"* (XiG)

,
C"(Y, G) + (

*+ (4 ; G)

f: C"(Y , G) + c"(x; G)

let de C"(Y
; G) Oc (k(Y)

d* f # (0)(0) = f* (0)(do)
-

= f + (d)(2j 713550F21994)ALa
=

&of (I; 71) " 50 Fengn)
=

(Ij 7)
"
fo. Fenijn) the preef in

= Zj 7 dofooFzvju) note don't work?

= 2jf13d0f#15.Fj))
= zj7)3f# &150Fj1)
= f

*

(2 +)3 - 10- 510Fj)
= f

*
(0 ( 0))

Cor
.

Since It is a cochain map . f *
indus f*: HY(Y; G) + H"(X; G)

f
* ([0]) [f#S]

def
.

Cochain homotopics

let c ,
be cochains , fig:c -c

, are cochain maps.

the fig are cochain hometry . 2 If f-g : d *h + hd
+

for some hi c (a) " is -liner

lemma : If frg the f* =g
*

lemma : If fig : <- C just chain , not wochens)

fug riah , the +4,g
: Hom('; N) ->Hom(iN) rice h *

nete : things true for hom is true for come
.

Eilenberg Steenrod :

HY
- ; G) defines contrainment functors:

I pairs of spaes I - I
2- Mod

I
up of pairs 21-In Mp

(
*

(X
,
A; G) - (f : (xix) G/ fishin , fOS=0 If immo) A)



Prop . Properties of cohomology
1) If fort : (X, A)-> (4I B)

,
firfo

,
as up of pairs ,

then

for = fi*: H
*
<Y , AS & H

Y (X , A)

Prof : folt ,
filt are chain htp , so fo

,
fit are cochain hity .

2) LES of pair funcions vanish on

↓ simplice in A

0 - (
* (X ,A) ↓ (

Y

(X) - (
*(A) - 0

i
*

get LES -> HiCX, A) - HY(X) E HY(A) As H ** (X
,
A) - ... -

3) excision
: BCACX , BCint(A) , then

24 : HY(X, A) - HY(XB
,

A-BS is an Y

Preef require ex shat

4) dirasie H*( : 7 ,4) =(2 how to snow ?

note : Work bic nomology over CD I, free - equivalat .

Thi. Any functor satisfying above axious for I
pair spacl -dees)Mp . Pais

is given by He (x;G)

where (Yu (XiG) = Hom (C** (X); G)

Hau(X; G) = HYc((Ye (X; Gs)

ThM : HY (XiG) = HY(x; G) if X is a fic

EX .
H (IIP) , 212)

·2

Ca(13) = 2 + x - 2 + I

·2

<(3) = 4 - 45 45 4

a = 0 , 3HYl (3):

G, x = 2

0 0. W .

Ext and UCT

def .
Ext I <MINS

MIN are A-modules . Then ExtCM , N)= HYCA
, N) , A is a free res of M .

for : M, N) = Hi (AXN) nete Ext (HicIX) ; G)= Ho (A : G)

= Hom(Hk(X); G)



Ex Ext(2/nix)
.

A: & * I
.

· N

nom (A , 2) : & = & Ext"12/n , 2) = H'(AIN) = <In
.

10
Exto (IIn, 2) = 0

Ext"(e/n , xin) = Gen y as HOA, 2/n) : 41 by the prof above
.

14 Embrax)
.

Tum write HI as something & Ext

note we could write Hi(AQN)= HiCA)QN & Tor

we also write H"(X ; G) = Hom(Hin(X) ; G) N Ext' CHI(X); G)

= Ext"CH11X) :

G) ⑦ Ext'(Hk-1(X); G)

Prof Split C**(X) into of Short Injective (Xs .

Ex. Let be a fac

HK(X)= &PK
& TK (structure thm

,
20 free , TK finitel

H"(X) =

R
b*

& Tk-1 does Te link for to Ext ?

Pairing

def-,-7 biliner pairing
let C be a xovrR then ieget billner pairny

<-
,
-7 : HomCCK

, N) x C1-ON

20 ,
Hd(2)

lemma : the above pairing descads to a pairy H * xHK

H (HomCS
,
N)) x H1(2) -N

70] , [C]> ↑ & (C)

If Wis well defined .
1 .2 .

<[0 + d* ]
,
Ic + db]7 = <I0] , [c33

.

=> G+ d* )(c+db)

= -(C) +
dab + di + d* db

=

Nix + dY(db) + dY(2 + Bdb)
= &( + dY (db) + B(dc + ddb)

d Yd=0 , E & cycle
↓ (C+db)= 0



Week5 IeC3

cup product . (n is a commutative ring (4
.
RI ,

Q , (h))

def cup product

If - C"(XiR) Be <xiR) the du-C(XR) girn by

o (5)
= &100Fo... 1) $150FR - kel) where Fo ... 1 : 6 *-yktl

w
We

↓H X - (x0,
- - xx) - (X0

,
- - xx

, 0 ,
- -

-0)
-k+

- X -
Fr-- ktl : &4- yk

+

⑧ "1X
Xo, ... xe) - (0.. -- 0 , Xg -

- - xl)

lemma U makes ("(X ; E) into a commutative rig
with identity 1-CX; R)

, (cop) =Ith
, Op :

"

+x (1) - P.

Prof cheek 1) (U) U U = driUU)

2) Co , &2) =

du+ dau Verify this

3) OV(B1 +2) = & uit duz

4) Orl = 1 & = &

lemma Leibniz rule

If Of "XiR) Bectxi) then did =(d)u + H"ducd

proof note that ou = <etK , did = [ltk+1 Ge CetkH
.

dYdu) <5) = (ou) dO

=Cou) Z (15 . So FI

= 28 f15 &8 - Fo... ) (5 . Ey · Fr..... ke)

-
why repeat = I 75018 - Fo......) BC50FH-ktet)

bump up index by 1
.

indices?
+ 2 i &So Fo... ) (50F- g --.net)

=(d) U + H)" or (d)

CON U descends to a map

U : HY(X ; R) xH(Xih) -> H
**

(XiG)

to] x
=

B] 1 [du]

this make HYX;) into a ring with [] : 1
.

Proof Check containment then well-defined-ness
.



① chea containment

let [07 -HY(XiR)
, [B] -Hd[xih]

have d& = 0 and d
*

B = 0

then , dYou) = d40) U +HudY = outfovo = 0

So , tou]-HiR)

② cheek doesn't depend on representatives

If t0] = [0]
,

& = &+ da

IB'3
=

[B] , B = B+ d*
S I

ther du
=

ru +(d a) u+ oud+ d ud

=du+dYau) + (0 +d) UCdY)
↓

k

= 0
e

X
-d"au) = (da)v + (ov(d)

So Lu] : [du']

③ d *
1 = 0 . d41(z) = 1 . d(2) =

10 -vicos=1-1
= 0 2- CI IX)

.

Prop continuous maps induce ring homomorphism

If fixey ,
then f*: H * CY ; R) -> H* (XiR) is a ring homomorphism .

1. e . f
*

(0u)
= f

*

(0)v fY(B)

Proof : 1st show # works
.

Proof scheme :

consider # : (
"

(Yiz)- (
* (XiR) show work for f

*

(oup)
k+l

C (4) Ckte(X)

f
*

(owB((0) use flou) : If
* (ous] .

(k+4y)C+elY) [kte(X)
=

(ovB) foo

= 00(fro · Fo... ) B(f050 Fr- ke)

= f *G)r50Fo ... K . f) · 50 Fr-
- ktl

= (f *6)v f
# (3)) o

So flou) = (f40) vf
*

(B)

so f * [0VBT = [f* (0uS] = [f +
10) v f

*

(p)] = f"[]uf +

x]



Prop .
U on H

*

(XiR) is graded commutative [false for chains]

le . au = Glabl Bud Ia1 : K If atH"XiR)

Ref Consider Chain Map r: C=
(X) + ((X) :

Prit-I be liner Map Dz = I[ id
eit eni

let hij) =

+)
= 2. : defj =

(1) 45

define rj : (j(x) +> (j(X)

0 r (1)
&

-.;

theorem

E
then , 1) W : (x(X) - (x(X) is a chain map

proven lator

2) rN(cx /x)

now , back to proving the proposition ,

r: C
Y

(xiR) - CYLXiR)

dudlizing r = r 4: <"(XiR) + (Y(Xin) ru/c*x) So IrYos] : to]
.

2(1& 1+(B)

then [1 r
*

(a) or reverses the

= (-1) a(d((((x)0r+(d) ortr of vertices"

de. [v] = [r+(ovps3
= ( -1)

240HBK
(1)

2(01)
(1)
2

= r*>urY0]
???

= (1) BJU0]

Proof t is a chain map
Elj)

ProFy= Fron recall rj(0)=f1) Sop 151

2 (101)

so , dircol = (1) I (1)
/

S. PINO Fy
= (1) 39101) => [K] Fr oppor

=F1
*

(1)
2/181

If1
*-5 5 o FIPn-1

= rn- (d)

u

Week 6 Kee 1
.

thre rv1cx(X)

Proof is quite complicated here skipped . Must comeback in future !!!

Once this theore is shown , graded commutativity is

come back !
proven.

Have H* (xiR) is a graded commutative ring .



pairs using I coefficients

Recall that
,

C* (X, AT <C
* (X

,
(*X, A) = 3 & -nom(Cx

, R) : &10) =0 if im1o) Ah

Prop .

If +CYX, A)
, BE C(X) then &v = cY(X,A)

let of C*X, Al
, BECP(X) If im15) CA , then (m) 8. Fo... 1) CA

&B (0)
= &150 Fr. -1) · BC50F, .. k+r)

=

0 .15 - Fk--k+) = 0

so or = C
*

(X , A)
.

CON
·

U descends to a map H
*CX

, AC X HY(X) -> HY(X,A)

10 B) - & U .

cor , generally ,
U defines a map H*X , A) x HY(X , B) - H* LX , AVB)

proof :

example sheet .

Examples of Cup Products & cohomology
-

free

1) If X is path connected , Ho(X) = 2 : HOX) = nom(Ho(X), 2) =I (Since H-(X) = 0 by UCT)
↑

Recall 1"(x; G) = Hom(HI(X) ;

G) & Ext'CH-(X);G)

Ho(X) = <17
.

Since If Op -C0x)
,

<1
, [Op]7=1 So I is primitive & not a multiple of
↑
0

anything other than 1 ,
-1

.

↓

identity element in at.

2) Recall Hals) =

G2 =on is free Otor 2 .

0-W
.

then UCT implies H*(xiG) = Hom (Hk1X) ; G) ⑦ Ext'[Hx-(X) ;G)
= O

=HomCHkX) ; 2) =

G2 x=a. n

0 O. N

Ho(52) = <17 then IV1 = 1

I av =

a = 1ra

H "CSM) = <97
, ava - +215n) = 0

therefore ,
H* (S") = x[0] /(a2) Iain

. Grading ?
E

a = 0 this is a ring satisfying
:

generated by 1
, 9

,

a2=0
,



3) If X is p. C., PAX = + (p)
[ +

: Ho(P> = Ho(X)

=> HiX) -> HYCP) is an 1.
. So HYX , 4)

=

Ker (H*
(x) - HYp>)

&
So her & I =H"XP)

" = =;6 HX)
* at 0 , Hi(X) +HYP) Ker = 0

.

at :#O HP) =0 ,

e everything in Kernel .

nete : this is a ring homomorphism

SO H
* X, p) - -H

+
(x) -> HYP) are indued by map of pairs.

this is true as a rig homomorphism .

4) Prop. Structure of HYX + Y) = H *

(X) x H*(4) (direct product of rings
& HY(X) & HY(Y) (a, bi) v(a2 ,b) = (a, vaz -

b, ubz)
-+ (X) -H* Y)

proof :

Show C* (XHY) = <"(X) x C
+

(4)

since (x(X+Y) = (x(X)A (x(Y)

have CY(X1Y) = Hom (Ca(X#4) ,
2)

(b =Hom ((x(X)A (x(Y) , 2)

=

Hom (((X) , 2) x Hom ( (a) ,2)!
= (

* (X) XcY(Y)
-

... (d 1 02)

define &as &10) = Go to mee
d *

(0, 02) = (d *

&, d + &2) => H(X +4) 4 H
*

(X) # H
* (Y)

now Show (1 ,d2) v((z) = (du , duz)
(Y(X) (*(Y) ("(X) (Y(Y)

see on simplices

((01 , 02)u(,z)((0)
= (d

, dr) (50Fo.. - 1) (B,2) 15. F, ... ke)

= if IM18)CX
,

&, 150 Fr.-k(B , (50F..
- k+)E

If IMCO) 2Y) &2150F0.. k) B2 (50Fr --- k+1)

=

, U , 02 VB2) (O)



Proof Scheme :

Statement : H* (xH i) & H
*(x) x H

* (Y)

proof : ↳> (*(X+4) = ("(X) x (
*(Y) since d" lies in one of X. Y, makes face w . d *.

↳ did,) = (d"d
, di) =>> H

*

C > Hi)) x H2 /

↳ (81 , &2) ~ (B , 2) = [diu duz)

Week 6 Lecture d

Recall that if X is p. C . H*(X, P =0 H(X) is an ideal in H* (X)
.

Example #5

5 , compute H * ((X, p) V (Y, q7)

suppose (X, PX) , (Y , Py) are good pairs , and X . Y are P. C
.

xVY , p)
=

F(xHy , 4xH4y))

collapsing a Pair,
i*: H

*

(XVY , P) =H "
>XHY , 4xHPy) heall it' goes opposite direction

= H *
(X, 4) A H

* (Y, p) <H4(X) & 44(Y)

So , HCXrY) = Hi(X) & HYCY) i>0

E
(1) H 1 i= 0

for multiplication , (91 , 92) U(bibu) = (a, b , qzWbz) If grading of ais bi >0

Example of conom of wedge one copy
of

v 2 at H2A
H* Csvs' vs4) = <1 , a , a, b) , Write HCS)= 2an?

.

have a , aisb defined as follows :

a= (an ,
0 . 0) - H ⑦ HSA H154YH(savs2 vs4)

a) = (0 : 92
, 0) " i in

0

b = 10 , 0 ,
an) -> HY(S4⑦ HY (5) s

*

- H4(saVsVS4)

ava
= (92 , 0 , 0)(0

,
92 1 0) = 101 0 , 0) = 0 no intersecting up products .



Exterior Product.

defr . Setup for projection

Setup
: (X, A) Pair of spaces,

Y is a space .

T :

(XxY , AxY) - (X, A) F2 : xxY - rY

((x, y .)
,
(, y2)- (x, a) xy) y

def .

Exterior Product .

If at HYCX. Al ,
beHe(Y)

, then their exterior product is exterior product depends

ax b = xY(a)UT2(b) -> H
**

(xxY , AxY) on the its T2 quotient map.

H ↓ ↑ IH"(xxY, AxY) HexxY) legal as proven before .

observations of exterior product .

1) H*,X, A) X H
*

CY) O H* (xxY ,
AXY)

(a . b) + axb is bilinear nene it extends to

&: H*

(X, A) & HYY) 8 H
*

(xxY, AxY)

a*b 1 axb

2) (axbi) v(a2xbz) = (1) (b. 19
-

(a , war) x(b, vbz)

Proof : swap .

L -

CHS = (i (a !)UkE(b)) U (I (a2) UT2" (b2))
Ibi11921

=(-1) T
*
(a) U T (a) U 2 (b1) UTrY(b2) It is a ring hom wirt

.

= flbilaz ,* (9, Vaz) Vπ(b , Ubz)
!

the multiplication U .

2=(1)(b)(a)) Gawaz) X(bibz)

Thm exterior product indued tensor gives isomorphism .

important si.e . If I is a field, it's free)

If HYCYiR) is free over R
,

then

&

H
*(X, AiR) & HYYiR) - H (XxY , AXYiR) is an Y

.

e
free .

consequences :

1) We can use this to compute H (xxY; ) from HYXsR) , HYiR)

2) gives us ring structure on HYX * Y ; R) , by observation 2)
.



Example 1
.

Exterior product
T=gxg The theore applies as HYs') is free over 2

.

allH*(S)

It has rank 4 .

C

-

H* (5'Xs') 2 * = 2 caixai)= <27
, where ca1= H's') (or <[S' xts']>

a

eE ver
3

22 x = 1 (ax1 , 1x 913 = (9 , b>
.

<[s'3x , IX [S1]>

R X = 0 4 x 17 = <17 ↳Ix13
.
(

a
=

(a,x))v(a, x1) (ax1) V (ax1)
1011112 (1) Carva , 1)

=(9X) = 0 Since as -H2(S) = 0

b
=

0 for similar reasons
.

10111

aub = (a ,x1) u(,xa,) = (1) (a,vi) x (1vai) = aixa1 = <

bua = F aub=-< This given us the ring structure of H*(T2)
1019 . b . ch

E la= b=0 ,
ab

= C,
ba = - C

Example . H* (Th) as a wedge product

H* (T2) = 1 (0, &2)
,

01 = a , &2 = b
,

didj =- djdi Kijj

More geneally ,
LYTH) = HYS) & ... & H

*
(S) =N28, ... n ,

di=IXIX ... xxaixIx -.
. x

4

e position i
n times

EXG . Group Structure of HYC5x5

HiCSY is free so HY (5xSY = H*(S) & H*(S4

az = H2(54 Again , have arb = <

I 22 24 - a re 4 = 4 But H*55F HYs's') as

E IXG2] ↓ = 1 bua= (1)2. aub = aub = < .

↳ z E
<1x)) *

= 0 So , the structure look like (atb) ++2ab = 2

I X
so

& aEO ,
bEO H*S7 =0 &70. 2

.

(a+b)
=

G

yet for any &- HCT
,
=0 as ava=- ava

.

neve Hess') . H
*(SxSY are different .



cor ·
s is not home equivalent to susst though they have same homology .

Hi =

Rea
but in HisXsY cup prod : aub = <

I 0 O . W .

in HYCs'UsIrs4) If 1a1=1b1=2 , aub = 0 .

& :=H

Proof of the big thre .

If HYYCS is free then
,

&

H
*(X, AiR) & HYYiR) - H (XxY , AXYiR) is an Y

.

e

Proof :

we have a contravariant functors :

a graded 2 modulesi
, :) Pairs of spaces I E 3

up of pairs graded -linear maps

I (XA) = H* (XxY ,
AxY)

f: (x , A) - (x , Al) I: HY(x' x Y, AxY) +> H * (xxY , AXY)

f* = (fx1dy)
*

↓

(X, A) = H
*

(X, A) & H*(Y)

f: (X, A) + (x
:

A) - f
*

= f
*

XIdy

I , L satisfy all Eileborg Stearod axions for cohomology except dimension axion .

=>

they're genealized cohomology .

the axioms :

1) homotory invariance : forf, -> Lo
*

= ** Ifr= fi)

fr = Y <foxly ~ fixly => (foxly
*

u (fixly)
*

2) LEs of pair :

for I this is LES of (xxY, AxY)

I Hily) is direct sum of copies of R
.

So HYCx , A) & HYCY) is direct sum of

copies of LES of HY(X ,Al

note : exact & free is exact)



3) Excision If BaintA CACX ,

j: 5(x , A) - h(X-B, A- Bl is an
I

excisio for BXYCAXY(CXY
.

& = h(xA) - h(x-B , A -B) " excisin for BCACC

4) collapsing a pair

If (X> A) is a good pair , T : (X,A) - (X/A, ASAl

I": ((XA ,A/A) = h(XA)
,

same for I

Tur If X is an fac
,
I: h(x) = (x) is ar isO

lemma: I commutes with indued maps and 8 map in LES of pair .

Proof only show commets with indued maks .

to show commuts with S
,

see ex.

suppose that fix ,
+ Xa F: X ,xY ->X2xY

then F *((axb))
F = f xly

unsure this
=F* (axb) fr : 4 - H" (xxY, AXYS

step
= F

*

(i,* (a) v +12" (b) I: bet

=(F * +(a) (u(F *

(π (b)))

= (410F)
*

(a) U (T120F)
Y

(b)
unsure

these

steps
=

T1Y f * (a) Uti24(b) = fY(a)xb = 0(1"(axb))

Proof of the big thm : If X is an FCC
, I is an isomorphism

let P(X, A) be the Statement that : h(XA) + WIX, A) is an A
.

Recal that &(X, A) = HYX, A) & HY (Y)

W(XA) = H* (xxY , AxY)

Proof Steps Proof Skipped ,
A P(304) , P15

%) holds

B) If XINX2
,

P(X) ET P(X2)

come back later .

C) If two of P(X) , PLAS, P2XA) holds, the third holds

D) if (, A) is a good pair , PCX, A) &T P(XA)

E) PCS) , PLD", S") holds

F) P(X) = P(XUfD")



Example. Compute H*(2)

xi +
=

X

T :

Is - Is/A & T VF2 A

recall , H2CZ2) = & ,
HaCTYVTY = H2CTY) & H2CT2) = 30 & .

did we show

TA : I *** & this proporty?

I 8 (1 , 13

& = H i (22)
&

HICTVT)

Hx(22)
,

HaCTVTY are free over I,
UCT implies HoCZ2) = hom(Ha(22) , 21

.

same with HYRUT = Hom(HxCTV +2, 2)
.

let it be dual to TA · scheme: Get I*

iT: H CTVT2) -H(z) think where it sends each
11

H + )*H +2)

[i]

"
generators to !

O & L I

<C) (2h [C7

2
T: H'CTV+2) 2 H'(zz)

11

H'CTY & HCTY

sai , b) ⑰ Lan,
b - Casbis Azibal

ai = T (ai) , bi= (b)

So aiVbj= x* (a) v Y(b) =
Y (a! vbj) = kY(bj(i)= big C .

Re. (abi)
, (arrbr) give you c .

Similary , Givaj=0 , biuby = 0

this gives us the ing structure of HPCT2VT)
.

Ex Sheet 3
.

Same arguments show that

q
HiLEg3 = <ai , biT = with Gerbj= SijC <17=H(zz) = & Givaj=biuby =0

.



defi E , B
,
I

① fibres

② local trialisating
I Vector bundles

Fl al defined like an comm diagram .

is b) homeo per fibre

defn.
dime real vector bundle

An nidime real rector bundle (E , B
,

T) is two spaces E : total space

S.A . 1) I (b) ~
"

+bt B E B : base

2) there's an open cover 3Uol0fAh of B and maps R : E + B .

fo : LUoS -UoXIR" S
. A .

a) FCUoS for roX"
commutes

.

↓T di ,

Vo Idud
f uo humeomorphisms .

-

b) T20f0 : #(b) tR" is an & of Vector spaces for all bett .

fo are called local trivalisations

def complex vector bundles.

same thing , replace It with K
.

def morphism

A morphism of vector bundles is a commuting square :

E fEr E

It Gi S. A . fElx -(b)
: +(b) + (2) "(f(b))

B
fB -B

⑫
*

Am is linear

* note: fibers can be of diff dimersing

def bundle isomorphism

bundle Morphism EitEs with an inverse which is also a bundle hom EntEl

is a bundle I
.

def .
subbundle

E is a subbundle of E if A injective morphism

E fErE

dit Si f. e . F-D) is a liner subspace of (ti)"(b)
.IB I

B · B

Y

E fa Dii
I i i

B

bi
,

↳ Pr

i

Ud



Week 7 Iec 1
.

def .
section

a section of E is a Ct Map SiB-eE with ToS = 1dB E S(b) +(b)

S is nonvanishing if Sib)tob Ab
3

the 0 vector in (b)
.

det .
Continues section

So : B-eE -Ob is the O section
.

to cheek it a section is its , enelyn to check foos
.

Ex .
Ardime trival bundle & trivial bundle .

E =BX" : E tB proj on B f: ENBXR" is a local friv
. f= /Bx"

moreurer
, T: E-B is trivial if there's a bundle I f :E-BX"

.

Prop . equivalent conditions of being a trivial bundle

Eis trival T E sections Sy--SniBtE S.A
. (S1(b), ... sncb)Y is a basis for it"(b)

,
FbtB.

Roof =7 We can find those sections explicitly .

E the Map F : BX" -E

(b , 5) + IE , visilb) is a bundle Y
.

Ex
. The Mobius Bundle

M= 20, 15 xIR / ~ is the smallest
eq. rel with [0, x)-(1s-x)

-

A Section SiS'tM gives fito, 17 WR with f(o)=-f(I).

S = [0 , 13/
So fat)= 0 for some Aft0 . 1]

.

So it's not a nonvanishing section
.

⑤

⑱

-m So

8.



Ex . The tautological bundle

Tape
= 9 ([E]

,
) = PxN IVEGEs

I

I ([23) = <2) C 1n+
RIP 14

I

have open cover Ui=}I2]thIP" /zitoh .

have maps fi : i'Ui) - Hixth

(E2)
, 5) -> (T2]

,
vi) are local trivialisations

IRIP'=s' and TPP=M is nontrical
.

Similarly , Te' a Idime x vB over KIPY
.

Ex Tangent sphere bundles

B ⑭

Tgn = /, ) Egx /Y . X = 0 Y target to "

↓ T

&

=

local trialisations

FX) = x
+ I

Ui = exes"/ xiFoh

fit= Cui) -Mix
~ drop the ith coordinate

(Xir) -r(x , 555) I is a nt1 dime vector
, He has one less dime .

↳ Ts' has a non-ranishing section six,yx =

<xys , =y , xc) => TS' is friial .

↳ Ts has no non-ranishing section
, so it's nontrivial , Proof ?

def Pullbacks of rector bundl

E
let TiE-B be a idime r . VB ., g : B'tB continuous .

then the pullback of Edy g
is

Big B
gY(E) = Y(b) , b, v) - B'xBxE(g(b)

= b =π(v) )

Ag :yY(E) +B' ig(b) = 3(bsg(b) ,
v) /T(V) =g(b) y = x (g(b)) is a rea space

(b
!

b,) b



If fo: Cur) -> YOXR" is a local trir for E .

let Voig-(Uo)

then fo : Fig (Vo) -VoXR" is a local trivalisation for gE) .

(b , b' , v) (b
, Tz(fo(v)))

lemma (gof)
* (E) = f"

(g
<(E))

def restriction to a smaller bast

If ACB ,
T : ALB , is the incussion,

then
,
EIA :=IYCE) is the restriction of Eto A

.

lem . non-vanishing section could be "pulled back"

SiB-E a nonvanishing section . Then

q"s : B - g"(E)
b'i (b , f(b) , sifcbl)) is a norvanishing section of q4CE).

Example : RP" restrict to IPIP'

TRIP :
& TRI' has no non-ranishing section [e .e . if it did , RIP' would have as well)

.

=> Trip" has no non-u section

=> Tirih is notrical
.

defn
.

Products of two rector bundles

TiE-B , 'E'-B' of dim nin respectively .

then their product is a rector bundle of dim nthi
,

(Txx')
-

(b , b) = i (b) x +
+ (b) = EXE

their local trialisations are as follows :

If

300
: ir(o) -o NoxRh2

I are local trivialisations
,

fi : (i) >Us) - UBXR"

then
, foxfis : (Text's [Uox Up) -> UoXR"XUBxR

"
& Hox UpXYth

is a local trivialisation of ExE!

def Whitney sum

If B=B'
, EOEl= * CExE'S where U: B -BxB is the whitney sum of E and E

B b ro(bib)



def supp

Y : B +4
, supp(y)

= (bEB1 4(b) Oh

def . Partition of unity · subordinate to a cover

let U=YUelotAY be an open cover of B , a Pol subordinate to is a fam of fins

fziB TI (i>ob

S. A :
1) 0 = 4i(b) <1

2) Eil fiCb) FOY is finite VItB

3) Supp 4: 2 Uri for some ditA .

·

timportant bl

4) filb) =1 vbtB

def .
admits PoU

B admits a Poll if Badmit a DOU subordinate to all open covers U .

note : compact or metrizable => B admit PoU

paral in
..

=> 1 2 '

Thm . Elixo & Elix1

suppose that B admits PoU
. T: ETBXI is a rVB. Then Elixo & ElBX)

.

week 7 Re 3 (1e(20)
lemma l . If ElBxto12] and ElBx[112 , 15 are trival then E is trivial .

Proof proof ?

lemmale
.

for each beB ,
b has an open bad Un S

. A . Elubxe is trivial
.

Prof

E locally trial => for each At I
, we can find

UA an open nbud of b in B

y St
. EluxxIt is trivial

.

If an open nbad of of in I
.

SIA)AZIG is an open cover of 1
.

let SEA0 ... Any be a finite subcover .

then 70=S0<S, < ... <Smit If IS:
, Sit] <IAK for Some K

. (Lesbesque covering remmal



So , EIUARX [Si
, Sit]

is trival .

let Us= Uti be open nbud of b
.

(it's a finite intersection) and Elupx[Sissiti] is

trival for all I
.

By lemmal and induction ,
Eluxx20 , Si] is trinal

.

then use lemmal and induction
,

we get Eluoxto , is is trival.

proof of thre (Elixson & Elixsin( POU indexed by N?

let Ub be as in lemma 2
.

Pick a PoU il subordinate to Upl beBY
.

suppose that Supp 4ic Ubi
.

What is hoi ?

let 9K
:

B + BxI and define Ex =gE(E) = (1b, (b ,4x1b() ,
Vs(π(r) =(b , +x(b))4

we

b H (b , Ifi(b)) 9x(E)
Wi

11

fi(b)

let fi : (Ubx2) · Ubx 2x14" be a trivialisation .

Define BKEK+-EK by

B((1b, gx(b) , vi)
=

(b , gx(b) ,
v) for be UbkE

(b
, fillb, gilb) , v)) for be Ubk

.

where fx(V)=(b ,gx-, (b)
, vi)

then .... obsiso , is the desired isomorphism Elixo & ElBx) (for each point ,

it stabilies . )

Proof scheme Don't understand the preef !

91 : B -BxI

b (b , zi4i(b)

BK: EK WERH

compose . --

Boos, EIBXO - ElBXI
.



Cor Suppose T: E OB is a vB
. go , g: B'rB . gong , via hiB'x2 B

,
and

B'admits a pol .

then g . (E) = h
*

(E) /B'xo I h* (E) /B'x =g ! (E) .

cor : If B is contractible , and admits a Poll
, then every VB H: E-B is trivial .

Proof : IB NCBIP , E = (13)" E A ((Bp) *
E = BxTsp) is trival .

p t B *

E where copy of BL
.

↓ th

P -> B (B,p) "E
= ((b , b,v) - 3p4xB x E (g(b') =π(v) =b)

/

TBIP
=(p, p ,

- (pC) ?

Why Bx55p)

not ap)

Riemannian Metrics

def Riemannian Metrics

Suppose T: E-tB is a rVB cresp . (X VB)

A hiemannian Cresp .
Hermitian) Metric on E is a continues map

g: EOE-I cresp . EOE TK)

S. A
.

/ A EOE
is an inner product cresp . hermitian inner product)

FEDE (b) = (b) x 5 (b) on (b) x i (b) ·

Ex TRpn= Y (Iz] , v)tMP"xR
** Iv-sEch

has a natural Riemannian metric gien by g(CZ] , v 1 )
, ([z] , (2)) = <V, v2T n

similarly Tepn has a natural Hermitian metric .

def unit disk, unit sphere bundle

suppose E is a rib with Riemannian metric g.

The unit disk , the unit sphere bundle are given by

syCE) : PrtE /<Vr=14 T: SyCE) -B - (b) A gi

DgCE)
= TvtE /<r , v> =1Y 5 : DgCE) +B T- (b) & D

they are toy spaces but not ruBs.



prop .

If gig' are a hometrics on E
, then

Sg(E)
= SgI(E) similarly Dg(E) 1 Dyi(E)

↳*
is
↓i T

I ↓
B

so we can drop gp
from our notation.

Write SIE) , DIE)

le , do not depend on the line prod .

Prof .
Excercise

.

Example

SCTRPM) = /E23 , v) /101 prt=1 , v->E3Y

In IS
V - s

T: S(Tappn) & RIP s(Tapn) = g2n
- 1

-

Sin natural T

projection - Hopf map
elP"

Riemannian
Ex

.
If T: E tB is trival

,
then E has an -metric given by gIV, V2)= 352 /feris) ,

T2 <fevel) 7

bf
BxIR

=>SCBXRY)=Bxgn-1 (if it were trivial .)

=> T,
Tape are nontrival since I"xS * S Chomology group)

41"Xs gan

Prof . Base has pol then it has -metic

If B admits a Pol ,
: E-B is a vVB

,
then E has an -metric.

Preef :

B has an open cover 34010tAh S.
A. Eluo is trival

, so there's an metric

go on Elur
.

Choose Pol subordinate to Ur . take g: Edigai where supp 4: < Udi
.

The Thom Isomorphism

T: E - B is Adime VB .

If be B,
let Ep = #(b) be the fibre of E over b .

IR

is : Eb CLE inclusion

So : B E o-section



Define E
#

= E lim so

E
*

= Eblo

Then , H*CEs, E) I H
* (R

,
⑭"-0) =

3
I *= N is free .

0 0 . W.

By UCT ,
HYCEb, E ; ) = GR ain

is: (Ep
,
EB) - (E , E

*)
0 0. w

.

i**: HYCE , E
*i) - H"(EbsE ; ).

defn . B . Thom class

t
UE HYCE

, E*;h) is an -Thom class for E if z(u)

generates HYEb, EtiR) for all beB
.

(HYCEs ,
EBiR) = HYCIR" , In

* 0 in) = & +beB)

Week & Lecture DeC21) & assume ( celf.

EX
.

E is trinal , E: BNR" generated by thing .
Here rest is iso

.

-

H
*

(E
, EA) = HY(BxR" ; Bx(404)) = HY(B) * H "Ceh" , - 0)

me

using fact it's free over I.

E K

ie HI(B) 2 H (E,
E

*)

a axx = xia) VTc* (u) ,
H "C"

, R"-0) =R
.

&

a generates HYCR / T-0S
-

Also note that HYB) = #BitTo(B) Ho(Bi) So we can specify F= HB) by
a tuple r= cry--- , rk) for ritH"(Bi)

.

I

ith path component .

in particular,

Ho(B) & HICE
, E

*)

Its /xU expand X the include 25 Note (4) = H*(, In "- 0)
I

If beBi
,
2 crxU) = V:

WHYCRY , "(904) ~ want this tobe H
* (B)

so Exu is a Thom class ET : generates Hi(Bi) for all i
.

If =21
,

there is a unique Thom class

/TolB)/
If B= there are 2 Thom classes (choose &= 11)

.



pullbacks

If fiB'-B there's a morphism of vector bundles

(b b,v) V

fYE)
F

rE

3
-

12 I
V W

W I
B · B

note : F(1mso') = ImSo So F is a map of pairs (f *
E , f*E* ) OCE , E#)

lemmal If U is a R-TC for E then FU is an R-TC for f* E .

Proof there's a commuting square
F

fY

(E) : E SO i (FYU)) = j
*

(Ifb's (UI) ,j
*

is an & and

D

↑ ib
=j I if abs I s (u) generates HYCE fin) , Efits) So 25" (F"(1) generates

F(f*E) 1
If(E)s's Ef(b'
I =7 FYU) is a TC .

⑭" I /B
e

. e. To behaves naturally under pullbacks .

lemma 2

suppose that B: B , UB2
,

U-HCE ,
E

# )

T : BK- B be inclusion
.

If Tilu) are TC for ElBs

22() - ElBz

the U is a TC for E
.

Prof Excercise

The important) Thom I

If i
: E TB is an n-dimer-VB then

1) E has a unique 2/2 Thom class

2) If E has an -Thom class U , the map

&: H(Bih) - H
*

<E , E
#

;n) is an I

a +e it4(a)uU

Proof : (skipped. Come back later)
.

Come back later !



Gysin Sequece :

Suppose T: E - B has an R Thom Class U.

Note : # = Elim so ~ SEE)

v v/ /grirs
LES of (E,

E) is j: (E
, 4) - (E ,E#)

·A

I X
H* (E , E

#) 8 HY(E) 2 H
* (E#) CH * (E

, E
#)

A

IS I
Euler class

so is b 2 ↑ ** is I IS is
U

H
*-

(B)
&

2 HY(B) 8 H
*

(SCE)) ~ 1
*-n +

(B)

: E-B and So : B-E give homotopy equivalence . They're homototy inverses .

then
, &(a) = Soj* (Ica))

-So j
* (n*a UU)

=so (i*auj u) Why ; only show up & part cup prod
?

= (So * a) U Soy "(U) = aU Sot:"(u)

Def Euler class

If T: E-B is an R-oriented -dime rVB with TC U
.

then its Euler class is eCE) = Sot; *

(a) GH(B)

ihm
. (Gysin Sequence)

There's an LES

& H
**

(B)
&

H*B)
*

HYSCEL) ·H
***

(B)

Where d(a)= a UeCE)

Proof :

Basically comes from the LES of E
, E

*
) With thom iso

.

week & Les G (lec22) underlying ring for cho is he

e
Recall: it: EtB is an B-oriented ndime r-vB

,
with TC UtHYE , E

*)

the its Euler a is ect) = so"<(U) where

GSO
: BNE is o section

j =[E , d) +E , E#) incisi of pairs

eCE) goes from H*LE
, E#) to H

*(B)
.

Thom iso I Dumps up" Cohe of B to coho of (E . E#
eCE) is the thom class going the other way .



Prop : (Properties of el

Suppose E as above ,
then

1) f: B - B then fYE) is oriented and elf(El) = f *(e(E))

2) If E is trival and so
,

then eCE) = 0

3) elE, *E2) = elEi) ⑦ elEs) relationship btwn trivial

4) If E has a nonvanishing section
,

then eCE) =0
·

& nonvanishing section
.

proof :

13 There is a commuting diagram
So

(B, d) (E
, 4) 3 < (E

,
E

# )
I

95
↑

fe= F
-

fef

(B
,
4)

⑧

So
< Cf *

E, d) I' (f*E , (f* El
*)

= R- Thom class

By lemma 1 , fEc) is an Orientation on fY(E)
, so

e(f * (E)) = s
*

j
* fE(U) =

j
*

so
*

f (U) = f"(e(Ul)

2) Tree if B = 304 Since H404) = 0 (e.e
.
UtH"CE, E

#
) triial So its soj<(u) must be) .

in general, E is trual E E = f
*

(Eo) wher f: B - 04., EvRY , HiEo -O

n
Er= P note: fEr)= G b , ·, ey = Bx"

d ↓ i So
*
() in Es

B F
-

304 E

codomain is HY(B) = trial
.

elE)
= e(f * (Er)) : f "(ecErl) = f"(0) =0

3) Ex sheet A

trial bundle .

A
4) If S is an nonvanishing section ,

E = (5) & <5)
+

Isubspace generated by s)
=> eCE) = e(s>A <sit) = eKsi) Ve(sit = 0 Veksit) = 0

-
⑦ of conofrom filfGidding

-a



Recall Gysin Sequence
:

*
&

ISE
H
*

(B) ~ H * (B) HYS(E)) &H
***

(B) where SCE) - B

where d(a) = a UeCE)

(note : UCT help us to figure out H
*(I ; </2) as group free over 212

.

Tum : Solving cohomology
H*RP" ; 2/2) now need Gysin sequae to figure out ring structure)

.

H* (RIP"; 4/2) =
x/2[x)

<
n+1

where X= <CTI) &H'CRPU ; <(2)

Cevery VB in EK is orientable/admits

a thom class (

Proof We assume that we're using 212 coefficients everywhere .

SCTPIR) =S ↳
sphere bundle

. (did we prove this ? ) Recall (He + UCT) :

cysin sequen
grading every rings H*";/2) =

G2/2 if0* n .

H
k-1

(PIP)
&

2
11 "(RPPU) & HY(52) C H*(RIP) a

0 0. w.

any
,

noneo of appropriate grading
claim : & =ux is an I for 12K En . (A)

k = 1 : (Write It longer so includes 10 as hell)
5

since previs inj

~ H
-

CIPY- HOMP")Ens- HYCRIPY)
&

OHCRR2)- HICS2)
= O = -17 =212 =

O

have & is an I
.

1(K < K : H"(s) H
*
CRM)

&

CH *LRIY HYS)
-

=O
= O

0 b /2 RHS A sury so iso

k=R H*192) & HHCIRIPY)
I
CHYCRIL) & HMCSY &HCRMY) - HHCRIPY)

= 0 =212 =-12
= O

By Induction , (A) - <x) generates
HYC4hP" ; 2/2) &216 for OcKan

x
+

= Hh(4) = 0

scheme : 8 : HRP)- HYIPM) is I via Gysin.

12KGU
.

H



(ES3)

similary ,
Tepn is a vB=> undrying rVB is I-orientable

.
So SCTep1) =S2n

same argument shows verify .

thm : H*CKI" ; 2) & x [x] /xn+1
,

x= e(Tepr) -HCGP; 2)
.

Cor
·

Ts (S2) FO f : S space .

Proof If Ts (SY) = 0 then RIP sV84

C Since RIP = SUnD4 h: S3152 Hopf map .
The attaching map is

null-homotopic (e.e If T13(5
=0) So <IP : SUnDY sirst)

But if xtHYS2Vs4) , xVx=0 HA

qvice coho of medys product) (as before)

comments on Orientability
1) Every E is 2/2 orientable .

2) for PF2 ,
E is /p Oventable ET E is 2-orientable

.

(If So , just say E is orientable)

3) TRP1 = M is not orientable
.

Since H
* CM, M

# ) = H* (DCM)
,

SCMC & HYCM
,
6M) M= closed mobius band

.

H2(M
,

6M) =2/2 4 H's') So thom & With I-coefficient is false
.

A

boundary of M include into i thice ?

4) There's a homomorphism 4: :(B) + 212 I : S- B

(ES4)

y(203) =0 ) * (E) is orientable
.

If T. (B) = <17 , any It : E-B is orientable .

I Manifolds

5 . 1) Definitions + Fundamental class

Def -manifold

An A-manifold is a and countable Hansdorff space M with an open cover \UoldAY

and homeomorphisms 40 : Uo-?

The transition functions to =404 : 4g(Vonus) -yo(vonus) are homeomorphisms :



M is smooth If yo's can be chosen St- Yos are differmorphisms.

note :

Any Smooth manifold has a tangent bundle T. TM-CM , an n-dime rector bundle .

Fundamental class

det
. Notations on fundamental class

If AcmPacM ,
write (MIA)= < M , M-A)

If BCA
,

2 : (MIA) ~ (MIB) is inclusion of pairs .

(M , M-A) < (M
,
M-B)

If weH- (MIA)
, wIB = <x (W)

Prop · Compute HaCMIX : h)

If xtM , xeUI" for some dtA
.

then , by excision ,
He (MIx) & HeCUolx) & HaCR" (y(X)) = HaCRY, "- 4(x)) = G?

=> Hi(MIX ih) IGR * = n

00W.

def B fundamental class

An B fundamental class for CMIA) is weHn(MIAiR) S.
A

. WIx generate

HnCMIx) for all x= A
.

(it's an analogue of trom class)
.

Thi unique 2/2 fundamental class

If ACM is compact , (MIA) has a unique 2/2 fundamental class
.

(note: Most interested in case when M is compact (M is closed) (

A fundamental class for MMM) = (M , b) will be write as [M] tHnCM)
.

Prof : similar to From I
, see moodle

.

def : Orientable

M is orientable If It has an I-fundamental class
.



week 8 lec 3 (e 23)
defn .

submanifold

NCM is a dime Smooth submani of an -mani M If for every xeN
,

there is a smooth chart o : Uxt P SA

4x(UxN) - I
*

xO C

If NCM is a smooth submani
, TNCTMIN (subbundle)

def Normal bundle

NCM is a smooth submani . Then VM/N : TN*2TMIN is the normal bundle of N in M
.

=> TMIN = VMXN & TN

Thm
.

Tabular abld thm

If NCM is a closed smooth submani , then there's an open VCM
,

NCU with

CV, N) & (UM/N
,

SoVMIN)

lemma
. Suppose that E = E , GE2 is orientable

.
Then EI is oventable ET El is Orientable

.

prof . Example Sheet .

-fund . CI 72- Thom Cl
.

Prop .
Mis Orientable ET TM is orientable

Prof (Sketch)

If Us'COM , let vir) be a Tubular nbhd .

M orientable (*) V(V) is Orientable for all 2

> VM/r - -

EI TMIr - -

E TM <
x

Cor · M Orientable ET Normal bundle orientable

If M is orientable
,

N2M is a closed smooth submani
.

Moratable T Vi Orientable ·



5 . 2 . Poincare Duality

Remark :

change coefficients and taking duals

From now , coefficients are in a field #
. M. e .

H
"
()= HY(X ; #)

=> H* (X)
=

Hom (HK (X)
,

#) By UCT
,

as # is a field
.

Hom CH"(X)
,
FC = Hix(X) (double dual)

where (a , y(0) y = &(a)
.

Of Hom (H"(X)
,
#)

, 410) -Hi (x)
,

a+ HY() , da) -I
.

If at H"(X)
,

aro : He(X) -> He+(X) & same as ald ?

def
:

Cap product

· Ma : He+k(X) & He(x) is the dual of ar . note : atH"(X)
.

<b , x ray = (aUb, x) a- HY(X)
,

be Hex)
,

x= HetK(X) , Xa = He(x)

L arb =H
** (X) Y (x) = HomCHe (X) , IS s #.

L y
- (xna) = HomLHIN ; #) So LAS -F

.

sec
. Intersection Pairing

suppose that M is an # . Oriented n-manifold with Fund [M] =Hn(M)
.

def .
Intersection pairing

the intersection pairing C... ) : HYCM) X H
*

(M) -I is the bilinear pairing given by
CH -H

(a , b) = Laub
,
[M]>

satisfying (b , a) = (1)(a)(b)(a , b)

= (-1)k(n
-k)

(a , b)

If a +H"(M) , (a .. ) + Hom (H **
(M), #)

.

def . algebraic poincare dud (Big PD) Hn(x) HK(X)
A ↳ -Hn-k(M)

the algebraic Poincare dual of a is PD(a) = y ((a , )) : [M] 1a

So <b
, PD(a)) = (a , b) = Laub ,

[M]< I Y : Hom(4n- (M), #)- Hn-k(M)

a is originally upper k

PD sends a to lower n - K
.



Geometric Poincare dual Clittle pd)

Thm. Property about map HnCM)-- HnCMIX)

If M is a connected n-manifold
,

the map

HnCM) -HnCMIx)=HnCM , M-x)= IF is injective .

(admits fundamental class)
& So , IM3 Oriented => HnCM) 1 IF => HYCM) IF = <IMAS) where M* is defined S.

A . (IM3 Y, [MJ7=1 EIF
.

↑
e

UCT
the upper-lower inner prod.

Proof : see moodle

Remark.
Some properties about submanifolds.

Assume I : NLCM is a smooth
, closed , connected , It - Oriented submanifold

.

let V be a Tubular abd of N
.

Then

vis a subset [V
,
V-N) ~

*
is V minus N which

of M
. 17 is the O-section

.

(M , 4)
5

& (M1A) &
I

(VIN) & <V , V
# )

I

3x
x (4x)

By this thm

N connected = H (N) = # = (IN]* >

=> HCV
, v

*
) YIF = >UUIYENJY > U is an orientation for VMN , (Thom iso)

.

=7 HnCV, v*) IF

Now , Ix : HnCV, VH)
= In = it Excision)

I (, M-x)

jx : Hr(M) 2 Hn(M1x) = # => jx
: HCM) =HuCMIN) some remark?

=> eja[M] generates HnCV, v#) 1lF
.

=> <UUYINJY ,
2; x[M3< = K - F. *

e w
H"(V ,#) HnCV , #)

this thing divide by K

det .
Orientation on VMIX 6
UMI= KM is the orientation on VMYN induced by [N] and IMJ

.

It satisfies >UMN U T
*
N *, j x [M]> = 1



def Geometric Poincare dual (little Pd)

n-k

qd(N) =

j
* ((24)-lUmin)) -> H

*Y

(M) ·* +
: H
*

(V , V*) -H (MIN)I

j 4: HY-K
<MIN) -> HAM)

Prop . Combining PD with pd. . H
**

(M)
HnCM) HYM) HiCM)

i i ↳ -
I : NM

If a-H (M) , <pdCN) ra , [M]) = <a
, Tx [N37 2x [N] -HK (M1

Tubular abd of N .

le. PD(pd(N)) = Za[N] as (a , PD(pd(N)) > = <pdCNS va , [M]]

I -

lemma : let : V-M , then :
* (a) = La, 2x[N]> T2

*
[N]

*

Proof :

T: V-N is an e equivalace . H*
CV) is generated by it

*
[NJ *

So It's enough to chelk that

(2< <a) , [N] > = < a , 2x [N]> ** [NJY , [NJ Why ?

this is an exercise .
But

proof of prop
:

If b = H((N)
, jY(bua) = j4(b)va j"(a) = a as a = H

*

(M)

So <pd(N Va, [M37
= <j4((24)"lUmin)) Va , IMJ]

=(2) (UMIN) va , Ja [M3]

= <(Y((UmiN) U =
* a)

, j x [M3<
= < UMIN Vi

Y
(a)

,
2'(jxtM3K ↳ more UMIN to 1 right

apply lemma

lemma
=

<UMIN U <a, 2x [NJ7 * [N]* , 25'jx [M] > More UMIN back to left.

A
Week 8 lec & /eC 24.

=<a, x [N]) defn of geometric pd .

5 . 2 Finish
.

have ceyf in A.

T

Recall : M closed connected , IF-oriented manifold .

PD : H*(M) 0 Hn-k (M)

(b , 4D(a)) = (a , b) = carb, [M]>

NM ~pd(N) -H
*-* (M)

(pd(N) va , [M]7 = <a , Tx [M] 7 = PD(pd(N))= IN]



Consider 8 : M -MXM show PD is
I

by considering pd(O) -> HCMXM)

x 1 xxX be . D is a submanifold of day .
MXM is of an.

qdCC) -HCMXM) and PD: HCMxM) - Hn(MxM)

Homology of products (I coefficients)

Hom (AQ B, #) = HomCA , /) & Hom (B
, IF)

SOS

Ha(X x Y) & Hom (H*
(Xx Y) , IF)

By exterior product .

& HomL H*
(x) & HYCY) ,

#) & Hom (H*2X) ,
#) & Hom (HYi) ,

A)

= Hx(X) Hx(Y)
I

·x ·
denote &x the element corresponding to x under this iso

.

so , equivalently , the following can be characterized .

(axb
, dxB) = (a , d)(b,>

↑
this is exterior prod of H

*
(X)

,
H

*(Y)
.

Recall (b, zna 7 = <arb , z7

1921(1211 -1911]

lemmal
. (2 , x 22) & (a 1 xa2) = (1) (2, na) x(zz1az)

Proof : cheek (bixbz
,

THS7 = <bix bz, RHS]
.

<bixbz , (2, x22) +(a1 xa2) > <bixbz
,

his 7

=(9, x92 UbiXbz
,

2, x22) =<b1, zinal7 <b2 > 221927

19211 bil
=

<(1) (abi) x (axVb2) ,
2, x227 = 79, Ub12171a2Ub2, 227

lemma 2 If X is path connected
, pAX , so Ho(X)+[P] and a t HY(X)

, &EHK(X)

then on a = (a , d) [4]

Proof : <1
,

ona > = Sav , > = <a, 03 and <1 , [P33=1

<1 , (a, >[P] >
=

<0, &7

Both equal to 19107 so on a
= (a , >[P] .



lemma 3 ** (axb) = aub

0: X + xxX a b = H *
(X) note 100 : #200 = 1dx

-(axb) = =
+ (π+ (a) u +2(b)) = x

*
(a) U

*
T2(b) = aub

Orient MXM by [MxM] = [M] x [M]
u

fund class of MxM
.

let = pd(8) =H* <Mx M) Since I is an idio subman of MXM
.

Prop 1
.

<5
, [M3 x5433= E1)

"

Proof :

>E U (IXIMJ * )
, [MJx[M]>

= E1" <(1x [M]
*U

,
[M] x[M]]

= EI , [M3 x [MJ (1x [M34) >
& this implication ?

= Ell" i
, (IM] 11) X (IM] & [M3

* )>

= E1)"< , [M] x [P] >
*

Hetk -> AK in 1st component =>

deg 0 so [P]

on the other hand , i= pd(a)

>E U (IXIMJ * )
, [MJx[M]>

=<pd(0) U (1X [M]")
,

[M] x [M]>

= < 1x [M3Y
,

Ex (tM] x[M]) > using dutity <pd(N) va , [M37 = <a , Tx[M]7

= E 1x [MJY, [O] > This Implication !

- (TYC) UT2
* ( [MJY) , 8 x [M] <

= <T2
* ( [M34) ,

0x[M]< (a , fx(x)) = Lf"(a) ,x)

= <[MJY ,
T2 x(0x[M])>

= SIMJY , [MJ7 = / B

Prop 2 . Cimportant & interesting)
is called the symmetrimizer
iU(ax b) = (1) (b119v(b x a)



Proof : V = Tubular abd of 0 in MxM
.

T: V- is proj in normal bandle

it , Jo are homotopy inverses .

is v(c'* (axb>

M = Yu *
Is** (axb)

ja z
~ identity

D I
I UVn* * (axb)

so

j

W "NexMaxbeH
*Mx

-
uri

+ (aub) Clemma3)

W v =(1)(a)(b)yvi"(bra)
(V/2)

i
0 (MxM1) ((z)

+ (xa)

= zi)lalb)
~

=('
*

(π,*(b) UT2"(a))uv(z)*

(b x a)

=(2)* (k
*

(bU al)
Apply 3

* (2
* )" to both sides give the result

.

u

Prop 3 Si
,

PD(a) x y > = (1)
"(a - 1a))

(a , y) a+ H* (M) , y
+ Hx1M)

proof Si
,

PD(a) x y >
PD(a) = [MJna by defn

.

=
,
Gina x cynl is capping id

= 7130 <
, [[M]xy) 1(ax1) > By cap distributivity .?

= SaxDU , [N3xY}

=<(xa)v
, [M3xy< prop2 as is grading iso

= < Y
, [M3xyn (1xa)>

=(-14a) < , [M]n1) x(yna)3 lemmal /EN31-1y) = n ?

=(1)
Nal

< ,
(IM3n1) x<acy>tp37 Idatity &na = (9 , 0> [p]

=(1)
Mal

>
, [M3x[p37 <a , y >

= (-1)
91

.71" <a , y> propl
same

= (1)
na1+)

Cay
parity nin-1al)

H

K

ThM
, PD is A kneall PD : H -> An-k)

For 07a -HY(M) , Choose yeH(M) S
.
A

. (acy) tO . Then , prop3 => PD(a) XY O
.

therefore PD(a) 0
.

= PD is injective .

-> dim(Hc(M))= dim(H* <M)) So PD is an I
.

PD : ⑦ H(M) ~ ⑰ HiCM)
y same dim so must be I

I i

H"(M) & Hr-k (M) en



intersection pairing (a,b) = Laub ,
[M]<

↓
Cor C...) is nondegenerate

If 0 FatH"(M)
,

Ebe H-K (M) with (a 1 b) FO
.

Proof Do it yourself

intersection pairing
Remark : an example of PD

.

I
If said is a basis for HYM)

,
let bil be the dual basis wirA. C... )

.

e . (an , by)
= being .

then , by , PD(a2)> = (ai, by) =

Si => PD(A2) = be dual basis Wor.A.
↳... )

19lbjl *
>ais PD(bj) = (bj , ai) = (-1)/aj' sig PD(bj)

= 71)
-

I
a

4

=7 bjvai , [M37 note: by , an are in He

! = Zill) an Gixbi

Proof : <
,

an
+

xby) = (1) lailnail <Y
, PD(bi) x PD(aj))

let s = (ail(n-1ail) +nail

= (1) <bi , 4D(aj)> identity <
, PDCA) xY) = G1)

nn-1a"
(a,>

-

= (1) (a, bj) = (1) big
= lai= (ai) mod(2)

Be

Intersection Pairing On homology

def .
N. &N2

If N 1 N2 20 M , are Smooth submanis , N , is transverse to N2 (N,AN2)

If TNIx + TNaIx= TMIx OXEN : &N2
.

W

tangent bundle of N at X
.

Example Ne
doesn't span .

N
-

↑ Sp ans I N2
-

yes no

Prop . Properties if NihN2 :

1) N . &N2 is a smooth submani of dim dimNitdim Nz-dimM

2) T(N&N2) x

=

TM, x & TN21x

3) M/NeN2= VMI ⑦ UMINZ note VM/= TN CTMIN is the normal bundle
and TMIx = VMX OTN

4) pd(NinN2)
=

pdCNi UpdCN2S



def . [N1] : IN2] intersection pairing for Smooth submani

[N,] · [N2] = (pd(Ni) , PdCN2))

=<pd(N) UpdIN2) ,
[M]]

When NiM N2 , we have

IN ,] . [N2]= <PACNMN2) , [MJ<

= # of points in NIN2 counted with intersection Sign , if dim(NinN2) =0 and 0 0.w.

defn : ; and i

j : N 20 M be inclusion

i = j/NNz : NNz C N2

pd(N2) -> H
*

(M) , jY H
*
(M)-> HY (N1)

Prop
:

3
*

<pd(N2))
=

pdN , [NiN2)

Proof
:

VNYSMN2S * YYVMIN2
, SO UNYNIN2=JOUMN VOr U ???
-

By transverse . also why is pdN, /NiMN2) related VivyNinY2 ?

Prop. e(E)

spose it: E -M is an oriented UB .

SiM-E is a section , ShSo .

then e(E) = pdM (S 150) = pd (S 101)

Proof : 2 (UE) =

pdE(so) = pdECs) Since suso
.

Recall pd(N)=j
< (2)

"

/Unin)) and UE is TC for E
.

SO e(E) = So/(VE)) = S(pdE(S)) = pdi(sons)

cor : <eCTM) , [M] > = x(M) (Enter characteristic

Proof
: in MxM

,

*

VMxMY ATM

So <eCIM) .
[MJ = [] []= / ,

) = XCM) A

= 19 aixbi = 2 fig1b" bix Gi




